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1 Introduction

<> Solvable matrix models for 2D quantum gravity or noncritical string theories
were vigorously investigated around 1990.

e as toy models for critical string theories, in particular focused on
nonperturbative aspects.

e But, little has been known about (solvable) matrix models corresponding to
noncritical superstrings with target-space SUSY.
We would like to consider such matrix models.

e We hope our analysis helpful to analyze matrix models for critical
superstrings.



In this Talk,
<> | would like to discuss correspondence between

A simple zero-dimensional SUSY double-well matrix model (MM)
and
2D type IlA superstring on a nontrivial RR background.

An interesting example of MMs for superstrings with target-space SUSY,
in which various amplitudes (not protected by SUSY)) are explicitly calculable.

<& Full nonperturbative expression of the MM free energy is computed in its
double scaling limit.

SUSY is spontaneously broken due to instantons.

4
In the type IIA theory,

SUSY is dynamically broken by a nonperturbative effect.
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2 SUSY double-well MM [Kuroki-F.S. 2009]

Saint = Nitr %B2 +iB(¢? — 1) + (% + V)| »

where
B, ¢: N X N hermitian matrices (Bosonic),
¥, P: N X IN Grassmann-odd matrices (Fermionic).

e SUSY:
Qp =1, QYp=0, Q¥=-iB, QB=0,
Qop=—-v, QY=0, QY=—1B, QB=0.
= Q? = Q% = {Q, Q} = 0 (nilpotent)
e B, 1, ¢ integrated out

1
Sy — INtr 5((]52 — ,LLZ)2 — Indet(¢ @ Iy + In Q @)
T

Double-well scalar potential
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Figure 1: (Left): “SUSY preserving” solution , (Right): SUSY breaking solution at the planar limit.

¢ Large-IN saddle point solution for p(x) = ~tr §(x — ¢): Planar limit
[Kuroki-F.S. 2010]

vy filling fractions vy +v_ =1



op,2>2

(large-IN free energy) = 0, <%tr Bn> =0(n=1,2,---)

strongly suggest that SUSY is preserved.
Note that tr B™ = Q tr (i9p B 1) = Q tr(iyyB"1).

=> The SUSY minima are infinitely degenerate, parametrized by (v, v_).

ou2<2

SUSY breaking one-cut solution:
(large-IN free energy) # 0, <%tr B> #+0

e 3rd order phase transition between these two phases.

The 3rd derivative of the free energy w.r.t. 2 has a jump.



3 Planar correlation functions

In the SUSY phase (u? > 2),

(L) = [aen

— (v + (—1)"w) 2+ W) F (

l\-”|§
N |
&
(V)
N
=
[\
~_

e reduces to a polynomial of u? for 1 even:
1 1
—tr¢? ) = u? —tro¢*) =14 p?
<N ¢ >O ©, <N ¢ >O ©

e exhibits logarithmic singular behavior as pu? — 2 for 1 odd:

1(p? —2)

1
<Ntr ¢2k-|—1> = (vy —v_) [(const.) W2 In w 4 (less singluar)} .
0



e We also computed planar two- and three-point functions for
1
Popt1 ~ tr @l
The results so far suggest
(P2ky41 e Poky41) oo = (V4 — V)" (const.) Wtz (In w)"

+ (less singular)

e For fermions (Wap 1 ~ %tr P2 Bop g~ %tr p2rH1,

<\P2k+1@25+1>a0 = e (const.) (vy — v_)* T Inw

+ (less singular)

Logarithmic behavior reminds us of 2D string theory.
But, the higher powers are new. (<— RR background)



4 2D type lIA superstring [Kutasov-Seiberg 1990, Ita-Nieder-Oz 2005]

o (Target space) = (x, ) ~ Cylinder,
where € S with self-dual radius (R = 1) and ¢: Liouville.

e Holomorphic EM tensor (except ghost part) on string worldsheet:

Q

1 1 1 1
T, =——(0 2 __ L0, — —(0 24 209%p — —1,0
2( ) 2¢ VP 2( ®)" + 5 0°¢ ziﬂe (7

with Q = 2.
e Target-space SUSY is nilpotent.

qi(z) = ebomifTin) Q= 75 - a4(2),
G_(z) = e ¥0HIAYIE(z) Q= 74 —a.(2),
where 1, & i1p, = +/2eTH.
= Q> =Q* ={Q+,Q_} =0. (< Same as the matrix model!)
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e Vertex operators (holomorphic sector):

NS sector (—1)-picture : Tj(2) = e PTheTPee ()

R sector (—3)-picture : Vi, (2) = e_%‘bJr%EHkaJFW‘P(z)

with helicity e = +£1.
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Phyiscal vertex operators (Winding background): [Ita-Nieder-Oz 2005]

(NS, NS) : Ti.(2) T_r(Z2) (ke Z+ %) “tachyon”

winding

l\DIw

(R, R—):  Via(2) Vg 1(2) (k_%

(R— R+): Vg _1(2) Vg, 41(2) (K=0,1,2,--+)
RR 2-form field strength

winding
_ 1 3
(NS, R—) : T k(z) Voi,—1(2) (k = 2’ o’ o) fermion(—)
1 3 momentum
(R4, NS) : Vi, 11(2) Ti(2) (k = PO ) fermion(+)
momentum

They represent massless particles with py, = 1 — |k|.
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5 Correspondence between the MM and the IIA theory

Under the identification of supercharges between the MM and the type I|IA
theory:

(Qa Q) <~ (Q+7 Q—)

= SUSY transformation properties lead to
d, = %trqﬁ & /d2z V%,H(z) ‘7_%,_1(2) (R+, R—),
U, = %trtp = /d2z T_%(z) V_%,_l(i) (NS, R—),
U, = %trtz & /dzz V%,H(z) T'%(E) (R+, NS),

%tr(—iB) o / d22T_y(2) Ty (2) (NS, NS).

Quartet w.rt. (Q,Q) < Quartet wrt. (Q,,Q_)
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Furthermore, it is natural to extend it to higher k(= 1,2,:-+) as

1 _

Pop 11 = Ntr e /d2z Vk+%,+1(z) V—k—%,—1(2)9
1 _

Woppr = trgp™ T+ o / 2T ((2) Vg 1(2),

_ 1 _ _
Wopt1 = Ntr U /dzz Vk:+%,+1(z) Tk+%(2)’

(Single trace operators in the MM) <> (Integrated vertex operators in |l1A)
(Powers of matrices) < (Windings or Momenta)
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Note:

e RR 2-form field strength in (R—, R+) is a singlet under the target-space
SUSYs Q., Q_, and appears to have no MM counterpart.

e Expectation values of operators measuring the RR charge (e.g. (®2x+1),)

are nonvanishing in the MM.

= The MM is considered to correspond to IIA on a background of the RR
2-form. vy —v_ < (RR flux)

We can explicitly check the correspondence by computing various amplitudes in
the I1A theory. [Kuroki-F.S. 2014]
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Note: Correlation functions in the IlA strings on (R—, R+) background:

LI = (00 ) = (1) o)

where WgR is invariant under the target-space SUSYs:

Wgrr = (vy —v_) Z ay wFTIYRR, (ak : numerical consts.)
keZ
([ @2 Vi, 1(2) Vo, 11(2) (pe=1— k|, k=0,—1,-2,-+
V,?R = X
S @2 VI @V () (=14 KL k= 1,200,

e We consider the case of (v — v_) small, and the RR background is
treated as exponentiated vertex operators:

e Higher powers of In w comes from resonances among external particles and
the (R—,R+) background. | In w| < (Liouville volume)
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6 Nonperturbative SUSY breaking in the MM

<> SUSY double-well MM

Svm = Ntr EBQ + iB(¢* — p*) + Y (oY + vo)

After integrating out matrices other than ¢, the partition function is expressed
in terms of eigenvalues A\; (2 = 1,--- N) as

L T I

= 1,7=1
N
N=

v_

(V V—)
O(V+N>'<u Nyt Zers

where the partition function in the (v, v_) sector is defined by the integration

17



region
[
By \j = —Aj (j =v+N+1,---,N), it is easy to see
v_N
Zw,wy = (—1)""" Z,9-

Thus, the total partition function vanishes:

N
N!
AV = Z(l/ V) — (]- + (_]—))N Z(l,O) = 0.
V_;:O (voN)(v_N)! F

—> Expectation values normalized by Znmg become ill-defined.
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Let us regularize it as

N v
Za — Z ]Y. ' e_iaV_NZ(V+,V_) — (]_ — e_ia)N Z(l,O)'
o W N)(v-_N)!

<> Order parameter of spontaneous SUSY breaking:

1 1 1 & 1 1 8
—tI'(’LB) = Za — Z(1 0)
N o N2 Za 8(“2) N2 Z(l,O) 8(/1;2) ’

is independent of ¢ and well-defined in the limit a — O.
Problem reduces to computing Z (1 ).

After the variable change &; = p® — A7 (Nicolai mapping),

~ p? [ N y NN L2
Zu,0 = Cn dr; | A(x) e i=12%;
i=1

— OO0
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<> Techniques in the random matrix theory [Tracy-Widom 1994] give a closed
form for the partition function in the double scaling limit

N - o0, p?—2 with s=N?’3(u%—2) fixed
as
F=—-InZ;y = /oo(w — s)q(x)*dx,
where g(x) is a solution to the PainléveSII differential equation
q"(x) = zq(z) + 2q(x)’
with g(x) ~ Ai(x) as € — +00.
e The solution is unique. [Hastings-MclLeod 1980]

® (gst 1/N ~Y 8_3/2
= s > 1: weakly coupled, 0 < s < 1: strongly coupled.
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6.1 Weak coupling expansion

<> By using the Airy kernel [Tracy-Widom 1994]
Ai(s)Ai'(t) — Ai'(s)Ai(t)
s—1 ’

the free energy expressed as an instanton sum

Kai(s,t) =

F=—1In Z(l,()) — Z Fk—inst.
k=1
is expanded as

Fi_inst. = / dty...dty Kai(t1,t2) Kaj(ta,ts) -« Kaij(te, t1)

1 4 &

il
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o N3 (Lir(iB))"? = —4E £ ¢
T

Wave-function renormalization

= SUSY is spontaneously broken due to instantons.

e Nambu-Goldstone fermions: %tr Y (<— breaking of Q)
~trap (< breaking of Q)

e The Airy-kernel expression of F},_;nst. contains all perturbative contributions
around the k-instanton configuration.
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6.2 Strong coupling expansion
> The Taylor series expansion of F' = [ (x — s)g(xz)*dx around s = 0 is
F = 0.0311059853—0.0690913807s5+0.06736709135*—0.03613991445°+- - .

This gives strong coupling expansion of the |IA superstring theory.

e The strongly coupled limit is regular!

e The expression of F' is smoothly continued to the s < O region.
(& p* < 2)

The 3rd order phase transition in the planar limit becomes smooth crossover

in the double scaling limit.

Singular behavior at the “string tree level” is smeared by quantum effects.
Similar to the unitary one-matrix model.

23



The result implies

“nonSUSY string” <= (smooth crossover) => 2DIIA superstring
(s < 0) (s > 0)
Fpert. # 0 Fpert. — 09 Fnonpert. # 0

holds at least concerning the partition function.
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7 Summary and discussions

> We computed correlation functions in the double-well SUSY MM, and
discussed its correspondence to 2D type |IA superstring theory on (R—,R+)
background by computing amplitudes in both sides.

e Case of (¥4 — v_) not small?
Related to black-hole (cigar) target space? cf. [Hori-Kapustin 2001]

e Massive excitations ( “discrete states”)
tr(@pFptop™ap™ .-+ ) < (polynomial of Oz, B, - - - )eketPeet:-
are suggested by SUSY transformation properties.

e MMs for higher-dimensional noncritical superstrings (D = 4,6, 8, (10))?
D = 2 + (D-2) [Kutasov-Seiberg 1990]
e AN
(x, ¢): Nilpotent SUSY RP~2: Usual SUSY generating translations
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<> The full nonperturbative expression of the free energy of the MM is obtained.
e Strong coupling expansion
= existence of the S-dual theory (noncritical M theory)?

e D-brane computation in the type IlA side.

e Connection between nonSUSY string and 2DIIA superstring.

Thank you very much for your attention!
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