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Introduction

Quantum field theory encounters problems at high energy/small
distances.

There is no consistent (i. e. renormalizable and unitary) quantum
theory of gravity.

Classical Relativity can not explain some phenomena in
opservational cosmology. Both theories are incomplate.

Some modifications are needed.

String theory, Loop Quantum gravity, Extra dimensions ..

One possibility is noncommutativity among space time coordinates
(Heisenberg, Pauli, Snyder). It is given by

[x#, x"] = i6*(x) .
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Canonical noncommutativity
[x*, x"] = i60"" = const.

Different modes are constructed on canonical NC space time:
¢4,QED, standard model, SUSY models;

renormalizability, unitary, phenomenological consequences, ...
Two important papers:

1. Seiberg and Witten, JHEP (1999)

2. Jurco, Moller, Schupp, Schraml and Wess, EPJ C, (2001)
Generalization general relativity or some other gravity theory (like
Poincare gauge theory) on NC spacacetime is a difficult task.
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Many attempts:

e Twist approach: Commutative diffeomorphisms are replaced by
twisted diffeomorphisms

1. P.Aschieri, C.Blohmann, M. Dimitrijevi¢, F. Meyer, P.Schupp
and J. Wess, CQG 22, 3511-3522 (2005),

2. P.Aschieri, M. Dimitrijevi¢, F.Meyer and J.Wess, CQG 23,
1883-1912 (2006), [hep-th/0510059].

The physical meaning of twisted symmetry is unclear.
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e Sieberg-Witten approach

1. A. Chamseeddine, PLB. 504 (2001) 33;PRD. 69 (2004) 024015
2. M. A. Cardella and D. Zanon, CQG 20 (2003) L95

3. P. Aschieri and L. Castellani, JHEP (0906) (2009) 086

4. P. Aschieri and L. Castellani, arXiv:1111.4822, ArXiv: 12051911
5. R. Banerjee, P. Mukherjee, S. Samanta, PRD 75, (2007) 125020
6. Y. G. Miao, Z.Xue, S. J. Zhang, PRD 83, (2011) 024023
Gauging GL(2, C)y, U(2,2), ..., breaking the symmetry down to
Lorentz group.

st =0
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AdS gauge theory on commutative spacetime

Consider a gauge theory with SO(2,3) as a gauge group in 4D
Minkowski spacetime.

50(2,3) is the isometry group anti de Sitter space.

Anti de Sitter space is a maximally symmetric space with a
negative constant curvature.

Mag-generators of SO(2,3) group

A, B, ... take values 0,1,2,3,5.

Commutation relations:

[Mag, Mcp] = i(napMsc +n8cMap —nacMep —nepMac), (1)

nag = diag(+, —, —, —, +) is 5D metric.
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AdS gauge theory on commutative spacetime
Clifford generators 4 in 5D Minkowski space satisfy
{Ta,T} =218 . (2)
Mag are )
Mag = é[rA, Mgl . (3)

va, (a=0,1,2,3) are the gamma matrices in 4D Minkovski

spacetime
The gamma matrices in 5D are

Fa=(i7a75,75) -

75 is defined by v° = v5 = ,70717273
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AdS gauge theory on commutative spacetime

It is easy to show that

i 1
M = Z[%’%] = 50ab
i

M5a = 27a- (4)

If we introduce momenta P, = %Ma5,where | is a constant with
dimensions of length AdS algebra (1) becomes

[Mab, Mgl = i(MadMbe + NbcMag — Nac Mg — bd Mac)
[Maba Pc] = i(nbcPa - nach)
1
[Pa, Pb] = *’T2Mab . (5)

In the limit / — oo AdS algebra reduces usual Poincare algebra in
4D spacetime. (Wigner-Inonu contraction)
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AdS gauge theory on commutative spacetime

1) spinor matter field in the fundamental representation
Under the infinitesimal SO(2, 3) gauge transformations it
transforms as

o) = ieth = - AB/V/ABlb (6)

The covariant derivative in the fundamental representation
Dy =0 — iwy) (7)

1 1 5 0 1
wy = Q#MAB—4Z o? Qu’ya (8)
is the SO(2, 3) gauge potential. Decomposition: wAB to wzb, wfﬁ,
be is a spin connection
wi® = Je? are vielbeins (tetrads).
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AdS gauge theory on commutative spacetime

The transformation law of the SO(2,3) potential is given by

AB AB A  CB B CA
dewy,” = Oue™” — fcw,” +ecw,” 9)

If €@ = 0 we obtain the transformation laws for spin connection
and vielbeins under the SO(1,3) gauge transformation:

5szb = 8ueab - eacw;b + ebawﬁa, (10)

dcey = —eadeg (11)

We reduce the local anti de Sitter symmetry down to the local
Lorentz symmetry:

50(2,3) — SO(1,3)
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AdS gauge theory on commutative spacetime

The field strength

Fu = 0uwy, — Oy, — ifwy,w,] = szyBMAB
1
= S FiMab + FiiMas (12)
where 1
F"b Rab I—z(ezef - eﬁef,’) . (13)
Reiman curvature tensor is
R/j’fj = 8Mw"b Oyw +wac cb wﬁcwlf’” (14)
Torsion
IF?> = D,el — D,el = T3, (15)
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AdS gauge theory on commutative spacetime
Under the local anti de Sitter transformation field strength
transforms as

OeFuv = ile, Ful (16)
or more explicitly
55,::5 — _eacFchb + ebCFuuca _ 625Fu,/5b + 6b5F,u1/52
0T5, = = Tue+eF,-. (17)

If we reduce the initial anti de Sitter gauge symmetry down to its
Lorentz subgroup by taking € = 0 we obtain the correct
transformation laws:

0Fb = —FD+ e F3
5T, = —€.T5,. (18)
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AdS gauge theory on commutative spacetime

Action:
ol
~ 64nGy

/ PTTE (F o Fpo ) + A / d4><GTr¢2 - /2) (19)

is invariant under the SO(2, 3) gauge transformations
Gy is the Newton gravitational constant.

A is the Lagrange multiplier.

¢ = ¢AT 4 is a vector field

o¢ = ile; 9], (20)

Constraint ¢pa¢” = .
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AdS gauge theory on commutative spacetime

Taking ¢ = 0, ¢° = | the SO(2, 3) symmetry is broken down to SO(1, 3)
The action after SB:

1 2
/d4X {1766””pgfabcd .U‘VRng' + v — R 2\/ /\:| (21)

- 167TGN

where A = —3//? and /=g = dete?.
MacDowell Mansurri action
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AdS gauge theory on commutative spacetime

In this action (see the third line) the vielbeins and spin connection
are independent variables. Varying the action with respect to the
spin connection we obtain an equation which relates connection
and vielbeins. In this way we can express the spin connection in
terms of vielbeins. Since there is no fermionic matter in the action
(21) this equation gives the vanishing torsion. In that case the first
term in (21) is the Gauss-Bonnet term; it is a topological term and
does not contribute to the equations of motion. The second term
is the Einstein-Hilbert action, while the last term is the
cosmological constant.
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AdS gauge theory on commutative spacetime

From vielbeins we can construct the metric tensor

8w = nabezef ) (22)

The metric
g, = nagD, "D, dP (23)

in the 'gauge’ ®° = /,®? = 0 becomes g,,,. The action (21) is
invariant under the Lorentz gauge transformations by construction.
In addition this action posses invariance under general coordinate
transformations. This action will be our starting point for the
construction of a noncommutative gravity theory.

References:

MacDowell Mansurri, PRL (1977)

Stelle, West,PRD, 1980

P. Townsend, PRD, 1977
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AdS gauge theory on commutative spacetime

Recently, a lot of attention has been devoted to this approach to
Gravity:

1. A. Chamseddine and V. Mukhanov, 'Who Ordered the Anti-de
Sitter Tangent Groups' Arxiv 1308.3199

2. J. Barret and S. Kerr, 'Gauge gravity and discrete quantum
models’ Arxiv: 1309.1660
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Noncommutative SO(2, 3), symmetry

Replace the usual product by the Moyal-Weyl x product

~

F(R)-8(%) = Fxg(x) (24)

F(x) * g(x) = €27 3737 £(x)g(y) ]y ox » (25)

where 6" is a constant antisymmetric matrix,
*-product is associative, noncommutative, reality condition.
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Noncommutative SO(2, 3), symmetry

Replace the commutative fields by their noncommutative
counterparts.
Noncommutative gauge potential cbﬂ
Noncommutative curvature tensor F,
Fry = 0,y — 0@y — [0, 5 @] (26)

Noncommutative adjoint field ®
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Noncommutative SO(2, 3), symmetry

Under the deformed gauge transformations the gauge potential,
the field strength and @ field transform as

50, = Ol — [0, ¥ A
5 F = i[Act Fu)l
5rd = i[A % F (27)

where A, is the noncommutative gauge parameter.

The noncommutative fields belong to the enveloping algebra of
s0(2,3). For example, the x-commutator in does not close in the
Lie algebra.
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Noncommutative SO(2, 3), symmetry

Commutative and noncommutative symmetries which correspond
to the same gauge group can be related by the Seiberg-Witten
map: the map enables one to express the noncommutative
variables in terms of the commutative variables. In that way no
new degrees of freedom are introduced. SW map can also be seen
as an expansion in 0*¥, so the SW approach is known as a
f#—expanded theory. The noncommutative quantities /A\g,cﬁu, ® are
power series in the noncommutative parameter 6+:

Ae = e+AD L AG 4
Gy = wu+o®+0@ +... (28)

where the higher order corrections are functions of the
commutative variables €,w,,, and their derivatives.
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Noncommutative SO(2, 3), symmetry

The requirement that the commutator of two deformed gauge
transformations is a deformed transformation again:

[05 5 03] = 6% 10, (29)

)

gives the solution for /\E”, /\9 ,.... The recursive relation between

nth and (n+ 1)st order is

~ 1 (n)
(I‘H—l) — _ KA A ~
A it D) 1)9 ({w,{ ; 8;@}) , (30)
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Noncommutative SO(2, 3), symmetry

Solving the equation
() + 576(w) = Bl + 0.0) (31)
order by order in the noncommutative parameter we can express

noncommutative gauge potential @, in terms of the commutative
one. The first order solution is

R 1
wgl) = —ZH’Q)‘{wm O\wy + Faut (32)
Recursive relation:

1 A (n)
~A(n+1) _ RA[ 1~ % ~
Wy 74(,7 n 1)9 ({w,{ ) 0)\0)# + FAM}) .

V. Radovanovi¢ Noncommutative SO(2, 3) gauge theory and noncommutative gr



Noncommutative SO(2, 3)x symmetry

Noncommutative SO(2, 3), symmetry

From potential @, we find the field strength
Fr = 0,00, — 8,0, — i[5 0] (33)
The first order correction is
FD = —%OHA{wN,8,\FMV + DyFut + %am{ﬁm, Foa}  (34)

Recursive relation:

. 1 A A (n)
(I‘H—l) - = KA P
En T ({w,.g fO0E + DAFW})
PN
e M{Fut .
+2(n + 1)6 ({ UK I/)\}) (35)
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Noncommutative SO(2, 3), symmetry

Transformation low
8 = i[A % Foul (36)
The field ® transforms as
5rp=iA 5 9] (37)
Using the previous results we find the recursive relation

(n 1)__#,% N e R A\ ()
0 = gy (i o) o
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The NC action is given by
il
167Gy

Sne = — Tr /d4xe“””"li_w, * I:_po *x&. (39)

The %-product is the Moyal-Weyl x-product;
fields with "hat" are NC fields;
The action is invariant under the NC SO(2, 3), gauge group

5 Sne = / d*x9, K" = 7§ dx, K* (40)
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Seiberg-Witten expansion

Sve =S5O 4 s 4 5@ 4 (41)

Undre NC gauge transformation the ‘field’ (F,g % F,, )™
transforms in adjoint representation

A~ i
(Fuv* Fpo)D = FDFpp + Fu FD + 596“56&5”8550
1
B _Zeaﬂ{ww 98(FuvFpo) + Da(Fuv Fpo)}

. 1.
+§9 6(DOAFMV)(D5F/JU) + 59 B({Faua FBV}Fpo
+Fu{Fap, Fso})
The first term is simillar as the first term in (34), but

F — FF . (42)
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(Fup * Frup % )V
= (Fap* Fu) Mo + (FapFu)o™ + éaa(FaﬁFuu)aﬂgb
= —%Gaﬁ{waa (9 + Dg)(FapFuwd)} + éeaﬁDa(FuVFpo)Dﬁ¢
+ éeaﬂ Do FuuDsF oot

1 Lo
+ 590‘5{,_—04“ F/BV}FPU(ZS + 59 BFHV{FKXW F»BU}(Z) (43)
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The NC action in first order in 0 is

1 il oo ! B A N
S,(VC) = 167TGNTr /d4xe“ PI(Fuy * Fpg*gb)(l)
il 1
= _ OéﬁT 4 MVPU< _ 7F F F
167TGN9 r /d X€ 2 0% pcr{ ocﬁ7¢}

+ éDaFuuD,BFpO'¢
1 1
5P Fau} Foo® + 5 Fu{ o, Fio} ) (44)

Result S,(Vlc) =0.
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From the first order of action, 5,(\,1C) we can easily find the second

order.
2 _ il a 4 _pvpo 1a £ E x5
SNC == me BTr/dxe“p<4 yy*Fpa*{Faﬁ))(ﬁ}
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j 1 1
5/(\[22_ _ il Z0Bo" A Tr /d4xeﬂupa{§{FaB, {FIW’ Fpa}}{¢, F,{)\}

647TGN 8
1 1
5 Fap (Fors (P Fu 130 = 3 P Foo ) (Fras Fas} o

i i
71{,:04[3’ [DHF/LW DAF/)H]}QZ’ - 5[{DRF/W7 Fpa}a DAFaﬂ]¢

P P P 0 P 4 (o o b {Fu g 1)
+2{Fpos {Fous {Fras Fau}} 3¢ + i{ Foors [DisFaps DaFsu]}
4 2i[{Fay, D Fap}, DxFpold

—i{qb, Fix}[DaFuv, DgFpe] — %{DKDQ Fyuv, DxDgFpo}o
+il[{Fuas DaFuv}, DaFpold + il{Frv, DaFiu}, DsFpold
+i[{Frn, DaFau}, DﬁFpg]qs} :
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The second order correction 5,(\,22- is invariant under SO(2, 3). After
the symmetry breaking the field ¢? = 0, ¢°> =/ we get

/2
_647TGN
8P o P Fog + Fad Fo (Fuu™ Foomn + 2F,F0.3))

L
32

+FmtabF)\ CdF(xﬂ pamn)

SI(\I2C) _ aaﬁgn)\euupoeabcd / d4 { 556 (F ch abF nFre)\mn

(Fn)\ab FuyCd Fapmn Fﬂo’mn + 2F ab Fngd F/{ﬂms F)\ynle

128 (me F>\ (Fuymanomn

D)+ Fu oo (Fua™ Famn + 2F, " Fysf)) (45

1%

+2F,,F

pom
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1 C

26 Fad® (DaFiu) ™) (DxFon) sl + (DsFiu)®(DaFy)s”
1
16

po

((DxFou Y™ (DAFa) ™ FSS + (DaFou Y (DaFag)®F o)
+ s L b ped (Fa™ Fromn + 2F,.,™ Faoms)
T (F 23, (Froo™ Fyumn + 2F o™ Faums) + Froc? P, & F o™ Fmn
—4(F, 51 F F, bC)FpadeFﬂyeS)
gﬁﬁ«maﬁwm%&#umanﬁw&mﬁ
45 (Fut(0u ) (D3F)® + £ (DuFs)) (D3Fy)®

+7 Fnaab(DAF/LV)CS + Frf,o;.aS(D)\F}tl/)bc (Dﬂde)dS
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1
(DaFu)™ = VaF,,” = 5(e T — e T,0)

1% a ' pv a ' pv

(Do Fun )™ (V 7o +exFuum),

a ' prm

1
(DnDaFMV)ab = V,{VaFuyab — /7 ((V,{e;)T#s + .. ) s

with the SO(1, 3) covariant derivative
VaF, 22 = 0aF, " +wiF,, b —whF,, 2 and
VaTi, = 0Oa ij + wi Thve.
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Three scales in the model: A = —,%, f, R". Terms in the action
(T=0)

/22‘ {1.R, ?4 (1 RR, R4 REC, ROF) )

Expansion 1: big cosmological constant, smaller energy
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39&50NA
S = W /d4X\/ —88arx8BN
eaﬂenA
T 6anGult /d4x\/ _g(3gomRﬁ)\ + 3Ragrr — QRM,B/\)
90‘60’{)\ 4 vpo c_d 2 ab a_, b
+m/d x€"P% eapcaen e, Vi Va(l R, —2¢e/je, )85p
eaﬂen)\ 4
_275671'@\//2 dx\/—g(2gM(—2RR5>\

+4Rp, R + 4R Raya, — 2R/3;LPURpa>\M)

+R(2Ra,{ﬁ)\ + Ra/a’n)\) + 2RQHR[5)\ — 16Ra5,{‘uRp}\ — 16Ra,{g'uR)\M

V. Radovanovi¢ Noncommutative SO(2, 3) gauge theory and noncommutative gr



Action

Action

—2R, 5" (Rixpw — 6Rwpaw) + 2Ry, " (5Raauw — 4Rgpw)

v L v v I
+4Rocuﬂ m//\l +4Raun R)\VBH - 6Ro¢;u€ Rﬁu)\ )
0&59/0\
T 256m Gy 2

2 c, m
+ﬁvﬁ(eu € )VA(eﬂmead))

/ A g | — 26,20, (Ve(R™)Va(epmes?)

+ele,’ [2vﬁ RV a(esme,? — es’evm)

1
—ﬁvﬁ(eaceum — ea"’euc)v,\(egmeyd — eﬂdeym)}

1 a, b c,d c w,d
+5ViVa(e e, ) (VaVale, ) + 26 Rypsed) }

d*xe"P7 € gpeg { Raﬁabvﬁ(euc e,")Va(epme,?)
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Action is not invariant under general coordinates transformation:
0 is not a tensor;

Vuepa = 8uep"" + wzbepb = szeaa . (46)

Theory is invariant under twisted diffeomorphism.
2
If 1> PR> %

3904,895)\
5 — W/dzl'X\/jggangﬁ)\ . (47)
3 eaﬁgnA
/\(X) =NA- ngangﬁ)\ . (48)
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Expansion 2: On higher energy the higher powers in R are
important.

/2904,8 9:0\ o~ 1 v v
1 1

[ M
+T6RnapoRA5 - anauaR)\,g p>

]' n vV
+ZRK>\’)/6RPJ’Y§(R(¥M/)O'RﬂI + RozupuRg Ul - RapRBU)

1
+§Ray'y§R5V76(RRH)\HV + RﬁApaRpguy + 4RK)\VPRPM)

1 vuo
+§R‘1m§R Ufyé(pro— R/\# + RKI“’PRA "+ Rio RAP)
1

—ZRNM(;RAJ‘S (Ravpo RP7™ + RRg,. — 2Ry Ry — 2R0, RS 77) + .. (49)
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Expansion 3: Rw,ab =0, T#0

ea,ﬁenk
- 64nGyl®

11

ST = /dAX\/ —8 |:5T1Ta T)\ﬁm — TT‘TB T,{)\m

3
—=T7 Tag/\ + T&’/\ T,@,j,/V — 5Ta55 T;T)\ + QTSﬁ T,.i“)\

2

1
“F*g)\uecyan T:;B - g)\ozegan Tl‘jﬁ

2
1 v v M c_m m_c d d
- E(ec eq —ecey)os(ese, —ere;)on(esme; — egeum)
~Ou(egel — eles) (el (exm Ty = Tinm) = el(exmTh, = 0% Toum) )
+... (50)
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We can start from commutative action

1 4y VP
= YPOTr (Fu D, D, dP 51
sinc | AT (FLD0D,00)  (5)
After SSB we get
1 . 12
- R—=2). 52
> 167TGN//d xe(R= %) (52)

Deformation of this term is in progress (with M. Dimitrijevic and
B. Nikolic)

1. H. Pagels, Phys. Rev D (1984)

2. F. Wilczek, Phys. Rev. Lett (1998)
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Conclusion

A gauge theory on Moyal space with SO(2, 3), symmetry is
constructed; We find SW expansion of the noncommutative action
up to the second order in 6.

The commutative symmetry is broken

50(2,3) — SO(1,3) (53)

In the lowest order we get EH term + cosmological constant term
+ GB term.

The second order corrections in 6 are found in the covariant form .
Future investigations:

NC corrections to the black hole/ cosmological solutions

NC deformation of SUGR
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