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1. 1. General structure of the solution. Bell polynomials: a brief review

We are considering a cubic open superstring field theory. Ghost numbers of string
field components are not fixed and can be arbitrary, and there are no midpoint
inverse picture changing insertions. The standard bg¥ = 0 gauge condition is
replaced with the s.c. “ghost cohomology” constraint which is more stringent,
since the original string field lives in a larger space.

The ansatz for the pure ghost analytic solution that we propose is
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where ¢, y and o are bosonized superconformal ghosts for the b — c and 5 — v
systems:

b=e¢ %, c=¢e%,v= e?X B = X9y

Bf,[f’ﬁ ’ﬂ(qb, X, o) are the Bell polynomials of degree n:

B%a’ﬂ’ﬂ(qﬁ, X,0) = Bp(xy,...xn)

T = oz@kgb + Bﬁ’kx + Waka
k=1,...n



where By, (x1, ...xy) are complete Bell polynomials in x1, ...z, (definition will
be given below); ay,, Bn, vn are some numbers (to be determined in the process
of the solution) and the coefficients A\, iy are defined through triangular recursion

relations:
N1+No=N—-2 N;1—1 No—1

no_ n|ning  ynyp yno
AN = Z > D PN|N Ny N N (D)
N1 NQ 1 ni1= =() no= 0

Our purpose is to determine the coefficients: p%ﬁ[ﬁ\b by directly computing

the star product, i.e. the relevant correlators
<< U, QU >>=< U (0)] o QW(0) >
and
<< U, U+ U >>=< 0 W(0)f35 0 U0)f3 0 W(0) >
where [(z) = —% and
m(k=1) 1 —19z 2
H2)=e n n 2

)= () 2)
maps the worldsheets of n interacting strings putting them together on a single
disc.




Some basic tacts about Bell polynomials

The standard definition of the complete Bell polynomials By, (x1, ...z ) is given
by

n
Bp(x1,...tp) = Z Bn|k(az1, Lyt 1) (3)
k=1

where By, (21, ...Xpy_jo1) are the incomplete Bell polynomials defined accord-
g to

o
n! x x
_ P12 \ps n—k+l \pp_j41
By (@1, Ty py1) = g pl!---pn—/.gﬂlxl (2!) m((n—k+1)!> n—k+

pla'“pn—k—i—l

with the sum taken over all the combinations of non-negative p; satistying
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n—k-+1 n—k-+1

Z pj = k; Z Jpj=mn
=1 =1

In number theory, Bell polynomials are known to satisty a number of useful and
beautitul identities and properties

Just to mention a couple of examples,

are the second kind Stirling numbers

Bn|k(0!, ..., (n— k)
can be expressed in terms of combinations of Bernoulli numbers
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Also, for Taylor series of a function f(z) =), a%jn one has

€f<$) — Z Bn(a, --an)%

so vertex operators in string theory are typically given by combinations of Bell
polynomials in the expansion modes.

[f one identifies x,, = 0" ¢(2), where ¢(z) is some scalar field, one obtains Bell
polynomials in derivatives of ¢ (note that in the particular case ¢(z) = 22 this
would reduce to Hermite polynomials in z).

Other useful objects to define are the Bell generators

n
Hn(y|$17 eey In) — Z Bn\k(xla ooy xn—lﬁLl)yn
k=1



and more generally

Gay1-Ynl 1, oos @) = 3 B 1, s T 1)Y1---Yi

In the context of two-dimensional CEFT, one can think of Bell polynomials as
higher derivative generalizations of the Schwarzian derivative, appearing in the
global conformal transformation law for the stress tensor. That is, under z — f(z)
one has
df \o

T(2) = (57

T(f(2) +=S(f(2)

where the Schwarzian derivative:
HONIRWLON
S(f(z)) =
70 = G = 505
can be expressed in terms of the second order Bell polynomials in the log of /.

k—1
with 2, = dcik rlog(f'):
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S(F()) = Bys(tog(), ALy — 2By (tog(s")

= —2H2(—%|log(f/)> = —232(—2509@[,))

where

By(g(x)) = Bp(9g,...0"g)

— Bn(ﬁljl, ...In)|xk:8/€g;]€:17m7n

for any function g(x).

This is point is of importance as the higher order Bell polynomials will naturally
enter the global transformation law for the string fields of our ansatz for analytic
solution
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2. SFT ansatz: global conformal transformation

The major difficulty in calculating the star product is that generic string fields
behave in an extremely cumbersome way under global conformal transformations
f1(z) Therefore the straightforward calculation of the star product is generally
beyond the reach.

On the other hand, the string field operators entering our ansatz (Bell polyno-
mials multiplied by exponents) turn out to transform in a relatively simple and
compact way, forming an invariant subspace of operators under global conformal
transformations.

Our strategy to find the global transformation for ¥ is the following:

(1) to find the infinitezimal transformation

(2) to deduce the global transformation reproducing the infinitezimal one and
preserving its form under composition of two transformations
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Denoting
ol:B0] = o tBx+yo

and

1
h[@:ﬁyﬂ _ 5(_&2 + 52 + 72) — o — = -

the straightforward computation of the infinitezimal transformation, using the
OPE with the stress tensor gives

o
Oc 37[3”>5n=7n]6[04,6 ,7])
_ Ga(BLOémBnﬁn]e[a’Bﬁ]) 4+ ae(n 4 h[a,ﬁ,fy])BLOénaﬁna’Yn]e[Oz,ﬁﬁ]
n+1
n k Bl 4 g
+kz:2(n—k+1)!k!a e(2)|kh +n—k+1
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Using the fact that

B’n(lag(f/(z)))‘f(z):z—l—e(z) — ane(z> + O<62)

and the binomial property of By (f):

n

Bu(f(z) + g(2)) = Bu(0(f +g),... 0"(f +9)) = »

k=0
we find the string field components transform under z — f(z) according to:

n!

kl(n — k)

Br(f) Bn—k(9)

Bk&n;ﬁnﬁn,]e[@,ﬁﬁ](z> _ (;Z_J;>n—|—h[04,5ﬁ] BL/&nﬁnﬁn]e[a’ﬁ’ﬂ(f(Z))
n+1

n! df n— k-1 plaB] An,PnsTn
+kz_2k’!(n—k+1)!( )RR Bk, m, BlOn P niog(f(2))

dz

< B el A f(2))

with the weight factor A given by
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)\U{’ n, h[amﬁnﬁn]) — kh[@nﬁnﬁn] +n—k+1

o, — ana — S+ Bl — v+

The next step is to compute the commutator W with the BRST charge:

Q = ]{dz{cT — bcOc — %fywmﬁXm — %b’yQ} (4)

Since we are looking for the pure ghost solution, ¥ carries b — ¢ ghost number
1 and << QW, V¥ >> has to carry b — ¢ ghost number 3, the correlator will only
be contributed by the commutator of ¥ with @ = ¢ dz{cT — bcoc}.

The straightforward computation of the relevant terms of Q(1 o V) gives
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&1 -0 = (12— 1)hwd =1, .

_ Sl [Oénﬁnﬁn] LT, [757]
X{Z Z oy T el G VL T oph

+(1 = 6h)(02 = ana — B2 + BufB — 72 + )]
X

l+m, n—k—l—m—l—Z\n—k—l—l—Z o, ko okl Sn—mln .3,
J CBOOl|oznﬁnfyn ( )}_I_Zk 1 k 1 [lﬁ—l BOOl|anﬁnfyn€[ ]](w)

+k—18]{66(330_1@%71%6[@’5’7]( )) + cO( B nﬂm%] el B0 ()

Here Bg;lﬁoé gy AT€ the conformal dimension m polynomials in bosonized ghost
fields appearing in the OPE of Bell polynomials with exponential fields, defined
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according to:

n_. B a7 5) -
B .
BL&mBnﬁm](Zl>€[p7Q7r](22) _ Z pQT|a5’y(Zl)e <22>

(Zl _ Z2)n—m

m=0

(note the upper script for B™I™ chosen here in order not to confuse them with
the incomplete Bell polynomials)

m|n

orlaBy We get

It is straightforward to compute the manifest expressions for B

min(n—m;:k)

min .,8.9]
qur|a67 = m)im Z Z Bn_m‘l(O!, 1., (n—m— l)!)Bm\k—l
k=1l=max(1;k—m)

Here B {Of]’f 7} are the incomplete Bell polynomials in the ghost fields.

16



The numerical coefficients B (0111 ..., (n — m — [)!) given by the values

n—m|l
of incomplete Bell polynomials Bn_m“(xl, O l+1) at z; = (7 — DI(j =
l,...m—m —1+1) and coincide with (n — m)’th order expansion coefficients of
log'(1 + ) around = = 0.

We are now prepared to compute the SFT correlators relevant to
our ansatz solution

To compute the correlators, the following OPE’s are of importance:

n k n— k+l
B%Oé’ﬁ’ﬂ( pqr S: ) ) Z— —m
k=11l=0 m=l
n!
< Bt(01, 11, ...(m — 1)) Bf‘_’ﬁﬁ,]{_l(z)e[mﬂ (1) -

m!(n —m)!
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min(ky,ko) ny—k1+l no—ko+l

,8,7] p,q,7] _ —MmMi—1m 711!77,2!
Bn1|k17< )Bé\q@ (w) = Z Z Z o LT

TR
o (n1 —mq)l(ng — mo)!

[ 7ﬁﬂ/] (Z)B[p’qu] . (U])

ni—maq|k1—I no—mol|ko—1

ABell(mla mz\l) . B

where the generalized Bell numbers A g.;;(my, msl|l) are defined as follows. Let
0<pr <p2..<prand 0 <q < p2..<q
be the ordered length [ partitions of mq and mo. Then

partitions partitions

Apen(my,moll) = mylmal > >

m1|p17"'7pl m2|Q17"'7ql
(pil + 45, — 1)!...(}92'1 +qj, — 1)!
pilpllalqlrp oy g g,

PaIrings

2

Piy i@y ks Jk =151

where
p,q are multiplicities of p and ¢ entering the partitions. We furthermore impose
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the weak cohomology constraints on V: :

L(2)V_(w) ~ Oz — w)"
TV =0
and similarly for T, W to ensure that SF components of different ghost numbers

are not related by picture-changing (up to terms irrelevant to correlators). Here

[, I~ are the direct and inverse picture changing operators This fixes §, =
With these identities, the computation of

<<V, QU >>=< V(0)] o QW(0) >
and
<< WU AT >>=< f7 o U(0)f5 o U(0)f3 o U(0) >

is straightforward and leads to the following p%ﬁ,ﬁ\b coefficients in the recur-

rence relation for )\7]?\/] defining the analytic solution:

niny;no
pnlmm _ <%3>J\7|f\71;]\72
NENEN: = (o)
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where
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n+ln—k+ln—k—=0l n (n,>2

n|n1n2
NIL Z Y Y Y —l—m+2)l(l+m—1)l(n— L)

[=1 m=0 L;=0
{[(k = &F)R00) 1 sk pl= <N 2004 (1= M(N+2)(n+1) = 1)]
«[(1 = LY O0 4 stpl=(N+2)00] (1 — 51y (N +2)(n + 1) — 1)]
n l+m—1n—k—Il+2min(Ly;ki—1) min(m,k3—1)

> Z Z Z Z Z (_1)k+l1+l2+L1

k=1 ko=l  kg—1 l1=1 ly—1
[
(2+n(N+2))1Bp (0L ... (L1 — )) B, 1, (0L, ... (L2 — )}
ka—Il3n+2—k—l—m—ks+ly—q

Xy > (nN = 1)9B)1,(0L, ... (M — q)!)
g=1

M=1

n—>L1—k1—l1—ks+lo+q _1)Q+n_L1< Ll)

y (
2 Q(n — L1 — Q)

Q=Fk3—Il>—q

Apen(@Qin+2—k—1l—m— M|ks — 13— q)

X n k25k1_k3_ll+l2+q/\ Bell(n — L1 — Q; 1 +m — 1]ko)

—(l+m— 1>nk2—16’,;;:f3—“”2+%36u<n — Ly = Qil+m —2[ko)]}
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n+1n1+1no+1 b o |
ninino!

n|n1’n2
N’NlNQ S‘Y Y —k+ 1)l(ng — k1 + Dl(no — ko + 1)Elk ks
k=1 k1=1 ko= 1

x[(k — 8 ROl 1 kRN (1 — sFyn? — nN)

< [(ky — 60RO gk pl=N=200 () 55 (nF 4 g (V] + 2)))

X [(ky — 672 pln201] 52 [=Na=200] (1 672y (n2 4 ng(Nj 4 2))
(2)h[N’l’l]Jrh[_Nl_QvO’l]+h[_N2_2’O’1]+n+n1+n2—k—k1—kg 5 (F(%»B

3 (3 — k)L(3 — k)D(3 — ko)

n—k+1 (m kl—l—l (77,2 kQ—l—l m Mm—S1 mi1 mip—t; mo mo—uj

AP IEEDIEED DD ID I ID I NP

mi1=1 mo=1 s1=0 s9=0 t1=0 t9=0 u1=0 wu9=0
(n—k+1—m+s1) (n—k+1—m-+so—L1) (n1—k1+1—mq1+t1)

2 2 2

L1=sq Lo=s9 M=ty
(m —k1—|—1—m1—|—t2—M1> (ng—k‘2+1—m2+u1) (ng—k2+1—m2—i—u2—P1)

2 2 2

Mo=t5 Pi=uy Py=uy
{BL1|81(0!, ... (L — 51)!)BL2|82(0!, 11, ..., (Lo — s9)!)
BM1]t1<O!7 s, (M — t1>!)BM2]t2<O!7 1, ..., (My — to)!)

BPH’UJ(O!’ ... (P — Ul)!)BPQ\uQ(O!a ..., (P —u9)!)
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(—(N] +2)n — V)M (=(Ny + 2)n — 1)2(=n N 4+ )M

(—n1(Ny +2) — M2 (—noN = 1)F(ng(Ny +2) + 1)1
(\/§>N(N1+2)—(N1+2)(N2+1)+2—L1—M1—M2—P2(2\/§)N(N2+2)+1—L2—P1}

< (—nm + 1)%(m+m1—m2—81—82—t1—t2+u1+u2)(_nn2 4+ 1)%(m+m2—m1—81—82+t1+t2—u1—u2)

n—k-+1+%(m+mi—mg—s) —sg—t] —totui-+us)
(—m+m1—m2+81+82—t1—t2+u1+u2) E :

DO —

X (—ning + 1)
Rlz%(m+m1—m2—31—52—t1—t2+u1+u2)

nl—k1+1+%(m+m2—m1 —81—S9+t1+to—u1—u9) ng—k2+1+%(—m+m1 —mo+81+s9—t]—toF+ui+ug)

2 2

R2:%<m—|—m2—m1—81—82+t1—|‘t2—U1—UQ> R3:%<—m+m1—m2+81+82—t1—t2—|—U1+UQ)
—“Ri+R “Ri—R 1
(V/3) " MHB(2y/3) T M ISA b (Ry; Ro §(m +my —mg — 51 — S9 — t] — to + uj + uy))
1
XApepi(Ry; R3 §(m +mg —my — S] — s+t +to —up — u))

1
XAB@ZZ<R25 Rgb(—m +mp—mo+s1+sy—1t1 —la+u + u2>>}
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4. Bell polynomials and higher spin algebras

Our main conjecture is that the solution discussed in this talk is related to
collective higher-spin vacuum, in the spirit similar to relating the solution by Erler,
Schnabl, et.al. to tachyon vacuum.

In general, our hope is that the higher spin algebras can be realized as operator
algebras in string theory.

The first insightful hint, relating Bell polynomials to free field realizations of
higher spin algebras in AdS, comes from ¢ = 1 model, i.e. one-dimensional non-
critical string theory:.

The one-dimensional string compactified on S! has no standard massless modes
(like a photon) but does have a SU(2) multiplet of massless states existing at non-
standard ghost numbers and discrete mumentum values (Klebanov, A. Polyakov,
Witten, 1992):

The SU(2) symmetry at self-dual radius R = \/Li is realized by the operators:

Ty = fdzeﬂXﬂ; TH = ]{dzaX

The SU(2) multiplet of discrete states can be constructed by acting with the
lowering T of SU(2) on the highest weight vectors given by tachyonic primaries
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V)= X +(1=1)p)V2. (with integer 1)
Ul|m — Tl—_mw

Manitest expressions for U I|m vertex operators are complicated, however, their
structure constants have been deduced by I. Klebanov, A. Polyakov and E.Witten
in 1991 by using symmetry arguments. One has

Uiy ()Upgjmy(w) ~ (2 = w) = C(1, Ig, I3|my, ma, m3) f (11, 12) Uy

where the SU(2) Clebsch-Gordan coefficients are fixed by the symmetry while
the function of Casimir eigenvalues f(l1,l9) is nontrivial and was deduced to be
given by

VI F 15(20) + 215 — 2)!
V201520 — 1)!(20 — 1)]

(I. Klebanov, A. Polyakov,Mod.Phys.Lett. A6 (1991) 3273-3281, E. Witten,
Nucl.Phys. B373 (1992) 187-213)

Remarkably, these structure constants coincide exactly with those of higher spin
algebra in AdS3 in a certain basis, computed by E. Fradkin and V. Linetsky in

1989, in , what appeared at that time a completely different context (E. Fradkin, V.
Linetsky, Mod.Phys.Lett. A4 (1989) 2635-2647) On the other hand, the explicit

fl1,lo) =
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structure of the vertex operators for the discrete states realizing this algebra is
given by

Uljm ~ > By (—iXV/2)..By,  (—iXy/2)eY2mX+(-1)¢)
LUI=1)=m(m=1)[p1,sP1—m

with the sum taken over ordered partitions of %(l(l —1)—m(m—1))|p1, ..., pj—m,

This is a relatively simple example of Bell polynomials multiplied by exponentials
realizing the higher spin algebras in AdS,; in terms of vertex operator algebras
in d — 1-dimensional string theory. More complicated examples, such as the v.o.
realizations of HS algebras in Ad.S5, can also be constructed (D.P., in preparation).
Our main conjecture is that the OSET solutions of the type:

U= Y MNEEBL (6, X, 0). By (6, x, 0)(c€e™N + ce TN
N.ni,...,np

can be related to vacuum configurations of k-row higher spin fields with mixed
symmetries.

In general, the space of these solutions would form an “enveloping” of higher-spin
algebra

From the onshell prospective, another hint at the higher spins comes from the
structure of the vertex operators for higher spin fields in Vasiliev’s formalism.
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Namely, consider open string vertex operators for Vasiliev type two-row higher
spin gauge fields Q%"'%_l'bl"'bt(m) = 5~ U(2)(0 < ¢t < s—1) where m is
the curved d-dimensional space index and a, b indices (corresponding to rows of

lengths s — 1 and t) label d-dimensional tangent space. In case of t = s — 3 the
expression for the spin s operator particularly simplifies and is given by:

aj...as_1|b1...05_
Vio1js_s(p) == OpptomtPbesgym. ()
_ Q%...as_l‘bl...bs_g(p) % dze_s¢wma¢b162¢b2---as_3¢bs_38Xa1---aXaS_QeipX

at minimal negative picture —s. The manifest expressions for the spin s operators

with 0 <t < s — 3 are generally more complicated, however, at their canonical

pictures equal to —2s -+t + 3, they can be related to the operator a”f to1lb1.. be_s
cGg_1|by...bg_

. S—t—301---as—1|b1...bt m .
2l Qm (p)val...as_ﬂbl...bt ' (p)

 Aa1..ag—1]b1...bs_3 m
= i <p>va1...a5_1|bl...bs_3<p>

where I' =: €®G : is the picture-changing operator satisfying : ™" .=
[ME s 4L Qppst, --- 1, G is the full matter+ ghost worlsheet supercurrent and
T i~ €"PGAG...0" LG This particularly entails a set of generalized torsion
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zero constraints relating the space-time extra fields in the frame-like formalism for
the higher spins:

(s — 1]s — 3(z) ~ 053715~ 1s=3( )

Corresponding operators at positive ghost numbers can be obtained by homotopy
mapping (D.P., 2013)

The operators for for the frame-like fields of spin s > 3 are the elements of ghost
cohomologies H_g ~ Hy_9 (refs). The structure of their OPE:

$1+59—2
Hg) & Hgy ~ Z Hj, ()

k=|s1—s9|

coincides with the general structure of the HS algebra in AdS
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5. Conclusion and discussion

We have considered a pure ghost SF'T solution at higher ghost numbers, a sim-
plest in the family of other solutions (involving multiple Bell polynomials) which
are still to be found

Combined together, they presumably describe the ghost part of collective higher
spin vacuum with mixed symmetries

A concept of Bell polynomials being a free field realization of HS algebra in AdS
needs to be elaborated

Plenty of work ahead!
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