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XXX spin chain

Yang R-matrix

The Heisenberg XXX spin chain is related to the Yangian Y(s/¢(2))
and the SL(2)-invariant Yang R-matrix

A+n 0 O 0
_ o 0O X g O
R(A\) = A1+ 9P = 0 7 A 0 5
0 0 0 X+n

where ) is a spectral parameter, 7 is a quasi-classical parameter. We
use 1 for the identity matrix and P for the permutation in C2 ® C2.
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XXX spin chain

Yang-Baxter equation

The Yang R-matrix satisfies the Yang-Baxter equation in the space
C2®C?®C?

Ri2(A — 1) Ri3(A\)Res(p) = Raa(p) Ri3(A) Riz(A — p),
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XXX spin chain

Yang-Baxter equation

The Yang R-matrix satisfies the Yang-Baxter equation in the space
C2®C?®C?

Ri2(A — 1) Ri3(A) Res(1) = Res(p) Ria(A)Ri2(A — 1),
here the standard notation is used to denote spaces V;,j = 1,2,3 on

which corresponding R-matrices Rjj, ij = 12, 13,23 act non-trivially.
Evidently, in the present case V4 = Vo = V3 = C2.
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XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
@ Unitarity Ri2(A)Ro1 (=) = (n? — N3)1;
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XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
o Unitarity R12(>\)F)’21 (—>\) = (7]2 — )\2)1;
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Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
o Unitarity R12(>\)F)’21 (—>\) = (7]2 — )\2)1;
@ Parity invariance Ro1(N) = Ria(N);
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XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as

o Unitarity R12(>\)F)’21 (—>\) = (7]2 — )\2)1;
@ Parity invariance Ro1(A) = Ri2(N);
@ Temporal invariance RL(A) = Ri2(\);
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XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
@ Unitarity Ri2(\)Ro1(—=)) = (72 — N3)1;
@ Parity invariance Ro1(A) = Ri2(N);
@ Temporal invariance RL,(A) = Ri2(\);
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XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
@ Unitarity Ri2(N)Ra1(=X) = (12 — A)1;
@ Parity invariance Ro1(A) = Ri2(N);
@ Temporal invariance RL,(A) = Ri2(\);

@ Crossing symmetry R(\) = J1R2(—\ —n)J, ",
where t, denotes the transpose in the second space and the
entries of the two-by-two matrix 7 are Jap = (—1)% 16a3_p.

rupo de
<¢|M> ruawwmzm

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model



XXX spin chain

Properties of the Yang R-matrix

The Yang R-matrix also satisfies other relevant properties such as
o Unitarity R12(>\)F)’21 (—>\) = (7]2 — )\2)1;
@ Parity invariance Ro1(A) = Ri2(N);
@ Temporal invariance RL,(A) = Ri2(\);
@ Crossing symmetry R(\) = JiRe(—=X —n)J; ",
where , denotes the transpose in the second space and the
entries of the two-by-two matrix J are Jap = (—1)3 6,3_p.
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XXX spin chain
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XXX spin chain

Hilbert space

We study an inhomogeneous XXX spin chain with N sites, with the
local space Vi, = C?**' and inhomogeneous parameter «;. For

simplicity, we start by considering periodic boundary conditions. The
Hilbert space of the system is

N
H= & V,= (C23+1)®N.
m=1
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XXX spin chain

Lax operator

Following Sklyanin ‘87 we introduce the Lax operator

_ n(. a\_1(X+18, 1S
LOm()‘) - ]1+ 2 <00 Sm) - b\ ( USIJT; /\_7783m 5
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XXX spin chain

Lax operator

Following Sklyanin ‘87 we introduce the Lax operator

- n(. a\_1(X+18, 1S
Lom(A) = 1+ A <JO Sm) A ( nSH A—nSS )’
here
Sr‘;‘]:]l®...® S« ®---®1,
<~
m
withm=1,2,...,Nand S* « = 1,2, 3 are the spin operators acting
in a local C2$*1. Evidently, .(\) is a two-by-two matrix in the auxiliary
space V = C2.
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XXX spin chain

Lax operator

It obeys

' B / Sm(sm + 1)
Lom(A)Lom(n — A) = <1 o W>10

where s, is the value of spin in the space V..

Due to the usual commutation relations the spin operators S3,, it is
straightforward to check that the Lax operator satisfies the

RLL-relations

ROO’ ()\7,u)]LOm(A*(lm)Lo/m(,ufam) = ]Lo/m(,u*()(m)]LOm(/\f(lm)Roo/ ()\7/1).

Grupo de
<¢ | M > Fisica Matemdtica

ABA for the XXX chain and Gaudin model

N. Cirilo Antdnio, N. Manojlovi¢ and I. Salom



XXX spin chain

Monodromy matrix

The so-called monodromy matrix

T(/\) = ]LON(/\ — (L’N) c -]Lo1 ()\ — (.L1)

is used to describe the system. Notice that 7()\) is a two-by-two
matrix in the auxiliary space Vy = C?, whose entries are operators

acting in H
A(X)  B(N)
=( 60 o )
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XXX spin chain

RTT-relations

From RLL-relations it follows that the monodromy matrix satisfies the
RTT-relations

Roo/(/\ — ;1,) To()\) To/(,u,) = Tof(/l,) To()\)R()o/()\ — /l,).

The RTT-relations define the commutation relations for the entries of
the monodromy matrix.
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XXX spin chain

Hilbert space

In every V,,, = C?>*' there exists a vector w,, € V,, such that
We define a vector 2, to be

Q=w® - Quwn €H.
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XXX spin chain

Hilbert space

From the definitions above it is straightforward to obtain the action of
the entries of the monodromy matrix T(\) on the vector Q.

N
A =
ANQ, = a(\)Q., with a(A):H;rji;’ﬁn(
m=1 :
N A—am— 3
D(NQ, = d(\)Q., with d()\):H#_
m=1
cNQ, = 0

To construct integrable spin chains with non-periodic boundary o
condition, we will follow Sklyanin’s approach. (D) o monscs

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model
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Reflection equation

A way to introduce non-periodic boundary conditions which are
compatible with the integrability of the bulk system, was developed by
Sklyanin ’88.
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Reflection equation

A way to introduce non-periodic boundary conditions which are
compatible with the integrability of the bulk system, was developed by
Sklyanin ’88.

The compatibility condition between the bulk and the boundary of the
system takes the form of the so-called reflection equation. It is written
in the following form for the left reflection matrix acting on the space
V; = C? at the first site, K~ (\) € End(C?)

Riz(A=p) Ky (A) Ret (A+ 1)Ky (1) = Ky (1) Ria(A+ 1)Ky (M) Rz1(A—p).
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Dual reflection equation

Due to the properties of the Yang R-matrix the dual reflection
equation can be presented in the following form

Rio(—=X + p)Ki" (M) Ra1 (= — p = 20) K5 (1) =
Ky (1) Ria(—X — = 2n) K" (A)Rot1 (=X + p).
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Dual reflection equation

Due to the properties of the Yang R-matrix the dual reflection
equation can be presented in the following form

Rio(—=X + p)Ki" (M) Ra1 (= — p = 20) K5 (1) =
Ky (1) Ria(—X — = 2n) K" (A)Rot1 (=X + p).

One can then verify that the mapping
KT(\) =K~ (=x—n)

is a bijection between solutions of the reflection equation and the dual
reflection equation.
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K¥(\) matrices

The general, spectral parameter dependent solutions of the reflection
equation and the dual reflection equation can be written as follows

v [ =X YA
KW_( é A §+A>’

T _ [ A =T (A +1)
K+(A)_<—$+(A+n) &r—X-n )
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K¥(\) matrices

We notice the condition

(65 - 3+07) =4 (- - 5) (- 0*)

has to be imposed on the parameters of the K-matrices so that they
are upper triangularizable by a single similarity matrix M.
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K¥(\) matrices

We notice the condition

(65 - 3+07) =4 (- - 5) (- 0*)

has to be imposed on the parameters of the K-matrices so that they
are upper triangularizable by a single similarity matrix M.When the
square root with the negative sign is taken on the right-hand-side of
the equation above then one possible choice for M is given by

(0 i)
o —1—v-

where v~ = m : (Pe) Fbmas
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K¥(\) matrices

Evidently this matrix does not depend on the spectral parameter A
and it is such that

—7an . (e e (& = A~
K-(\)=M'K ()\)M_< 0 £+M>,

K*(M—M%(A)M—(M(””’“ —yH(A+1) )

0 = +np*

With = = ¢= + 9, vt = /1 + ¢+t and ¥t = ¢+ + .
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XXX chain with boundary

Outline

e Inhomogeneous XXX spin chain with boundary terms
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XXX chain with boundary

Monodromy matrix 7 ()

We use the Sklyanin approach to integrable spin chains with
non-periodic boundary conditions. The monodromy matrix 7 (\) is

To(\) = To(MKs (M) To(N),

it consists of the matrix T(\), a reflection matrix K~ () and the matrix

To(\) = ( = > =Lot(A+ a1 +n) - Lon(A + an + ).
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XXX chain with boundary

Monodromy matrix 7 ()

The RTT-relations for the matrix 7’0()\) can be recast as follows

Tor (1) Roor (A + 1) To(A) = To(A)Roor (A + 1) Tor (1),
To(A\) Tor (1) Roor (1 — A) = Roor (11— ) Tor (1) To(A).
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XXX chain with boundary

Monodromy matrix 7 ()

The RTT-relations for the matrix 7’0()\) can be recast as follows
To (1) Roo (A + 1) To(A) = To(A)Roor (A + 12) Tor (1),
To(N) Tor (1) Roor (1 = A) = Roor (11 = A) Tor (1) To(N)-

Then, by construction, the exchange relations of the monodromy

matrix 7(\) are

Roor (A — 1) To(A) Roro(A+ 1) Tor (1) = Tor (1) Roor (A+ 1) To(A) Roro (A — ).
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XXX chain with boundary

Monodromy matrix 7 ()

From the equation above we can read off the commutation relations
of the entries of the monodromy matrix

AN B
T = ( () D) ) '
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XXX chain with boundary

Monodromy matrix 7 ()

From the equation above we can read off the commutation relations
of the entries of the monodromy matrix

AN B
T = ( () D) ) '

Following Sklyanin we introduce the operator

D(\) = D()) — 2A"’+ AR,
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XXX chain with boundary

Sklyanin determinant

The exchange relations admit a central element, the so-called
Sklyanin determinant,

A [T()\)] = troo’ P&)/%()\ = 7’]/2)R00/(2)\)76/(/\ + 7]/2)
The element A [T ()] can be expressed in form

A[T(N)] = 2/\73()\ —n/2)AN+n/2) — (2\+n)B(A —n/2)C(A +n/2).
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XXX chain with boundary

Transfer matrix

The open chain transfer matrix is given by the trace of the
monodromy 7 (\) over the auxiliary space V4 with an extra reflection
matrix K*(\),

t(A) = tro (KT(N)T(N)) -
The reflection matrix K™ () is the corresponding solution of the dual
reflection equation.
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XXX chain with boundary

Transfer matrix

The open chain transfer matrix is given by the trace of the
monodromy 7 (\) over the auxiliary space V4 with an extra reflection
matrix K*(\),

t(A) = tro (KT(N)T(N)) -

The reflection matrix K™ () is the corresponding solution of the dual
reflection equation.

The commutativity of the transfer matrix for different values of the
spectral parameter
[t(N), ()] = O,

is guaranteed by the dual reflection equation and the exchange
relations of the monodromy matrix 7(\).
(Plus) Feksiaeme
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ABA for the open XXX chain

Outline

0 ABA for the XXX chain with triangular boundaries
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ABA for the open XXX chain

Algebraic Bethe Ansatz

The main aim of this section is to define the Bethe vectors as to
obtain the most simplest formulae for the off shell action of the
transfer matrix of the spin chain on these Bethe vectors.
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ABA for the open XXX chain

Algebraic Bethe Ansatz

The main aim of this section is to define the Bethe vectors as to
obtain the most simplest formulae for the off shell action of the
transfer matrix of the spin chain on these Bethe vectors.

The first step in this direction is to get the expressions of the entries
of the monodromy matrix 7 () in terms of the corresponding ones of
the monodromies T(\) and T ().
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ABA for the open XXX chain

Monodromy matrix 7 ()

According to definition of the monodromy matrix 7(\) we have

_ (AP B

TW‘(C(A) D(A))
(A B\ (=T g ) A BN
C(A) D) 0 £+ C(\) D())
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ABA for the open XXX chain

Entries of the monodromy matrix 7(\)

From the equation above, and also using the RTT-relations, we obtain

D) = (¢ = w) (BOW) - 77 (BB - AWAW) )

+ (= NCN) + (6 + Aw™)D(N)) D)

BO) = (6 = W) (G- BVAC) - 57— B
+ (™ NAN) + (€ + \w)B(N)) DN
CA) = (6~ = W )CNAN) + (¥~ AN)CA) + (6~ + Av™)D(N)) C(A).
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ABA for the open XXX chain

Entries of the monodromy matrix 7(\)

With the aim of obtaining the action of the operators A()), D()) and
C(A) on the vector Q. we first observe that the action of the operators
A()\), D()\) and C()) on the vector Q. is

N
~ _ ) ~ A4 am+n+nSn
ANQL = a(N)Qy, with a(\) = :
M2, = &N, 0 =I5 E

N A+ am+n—nS
DNQ, = dNQ., with d(\) = m e
M2y = de, W=~
CNQ. = 0

(Plus) Feksiaeme
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ABA for the open XXX chain

Operators A()), D(A) and C()) act on Q.

Finally, we derive

cN)Q = 0,
AN = a2, with a()) = (" - )a(\)a),
DOV, = SN2, with
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ABA for the open XXX chain

Operator D(\) acts on

In what follows we will use the fact that Q2 is an eigenvector of the
operator D(\)

DN = o\, with 3(A) = 6()) — 2A’7+ —a(y),

or explicitly

3\ = ((5 ) = (e - /\z/)> d(\)d(N).
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ABA for the open XXX chain

Transfer matrix

The transfer matrix of the inhomogeneous XXX chain
t(\) = tr KT(\)T(N),

with the triangular K* matrix, can be expressed using D(\) operator

~

tH(A) = k1(A)AX) + 52(A)D(X) + K12(A)C(N),
with

A+7

K1(A) = 2(E -+ I

k2(A) = & =A™, K12(X) = =T (A+n).

Grupe
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ABA for the open XXX chain

Q. is an eigenvector of t(\)

Evidently the vector € is an eigenvector of the transfer matrix
{2, = (m (Na() + H,Z(A)S(A)) Q. = No(N)2.
For simplicity we have suppressed the dependence of the eigenvalue

Ao(X) on the boundary parameters ¢+ and v+ as well as the
quasi-classical parameter 7.
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ABA for the open XXX chain

Bethe vector V4

We proceed to define the Bethe vectors Wy (uq, po, . . ., ) @s to
make the off shell action of t(\) on them as simple as possible.
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ABA for the open XXX chain

Bethe vector V4

We proceed to define the Bethe vectors Wy (uq, po, . . ., ) @s to
make the off shell action of t(\) on them as simple as possible.

Our next step is to show that
Vi(p) = B(p) 2t + b1 ()24,

is a Bethe vector,
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ABA for the open XXX chain

Bethe vector V4

We proceed to define the Bethe vectors Wy (uq, po, . . ., ) @s to
make the off shell action of t(\) on them as simple as possible.

Our next step is to show that
Vi(p) = B(p) 2t + b1 ()24,

is a Bethe vector,if by(u) is chosen to be

oyt 21 ~
b1 (:u’) — 2I/+ (2/1 + ’](1/(‘[1/) o 5(#)) .
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ABA for the open XXX chain

Bethe vector V4

A straightforward calculation shows that the off shell action of the
transfer matrix on Wy (u) is given by

2n(A +n)(" + ™)

HA) W1 (1) = MO\, )V () + A=A +p+n)

Fi(p)W1(A)
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ABA for the open XXX chain

Bethe vector V4

A straightforward calculation shows that the off shell action of the
transfer matrix on Wy (u) is given by

2n(A +n)(" + ™)

HA) W1 (1) = MO\, )V () + A=A +p+n)

Fi(u)V1(X)
where the eigenvalue A1 (A, i) is given by

A+ p)A=p—n)
(A= )X+ p+mn)

A=—p+n)A+p+2n)4

A i) = Ke(N) OO a0

a(AN)+k2(N)

Grupo de
<¢ | M > Fisica Matemdtica

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model



ABA for the open XXX chain

Bethe vector V4

The unwanted term of the off shell action is annihilated by the Bethe
equation

) + _ *
Fil) = 5o—ale) - S 5 —o,

or equivalently,

afp) _ (mtm)se(p) _ Cu+n) (€ = (n+n)r)
(1) pk () 2u (&F + pvt) '
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ABA for the open XXX chain

Bethe vector WV,

We seek Wy(u1, pz) in the form

W, o) = B(pa)Bpz)s + b5 (z; 1) B(11) Q4
b5 (11 12) Buz) Q2 + bE) (1., p12) <21,
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ABA for the open XXX chain

Bethe vector WV,

We seek Wy(u1, pz) in the form

W, o) = B(pa)Bpz)s + b5 (z; 1) B(11) Q4
b5 (11 12) Buz) Q2 + bE) (1., p12) <21,

where bg)(m ; p2) and béz)(m , i2) are given by

’UL’ aF

2p1 (g 4 p2)(p1 — p2 — )
b (1 119) — ( |
2 ko) = 53 2p1 + 1 (1 — p2)(p1 + p2 +1) o)
p — pr2 + 1) (1 + p2 +21)~
L il 0500
(11 — p2)(pr + p2 + 1)

1

béz)(/u ,H2) = > (bg)(m s p2) by (p2) + bg)(/lg; 1) by (i )2b|[4> e
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ABA for the open XXX chain

Bethe vector WV,

It can be shown that the action of {(\) on Wao(uq, o) reads

tA)Wa(p, p2) = No(A, {pi ) Wa(pi, p2)
2

2n(\ + n)(EF + piv™)
+ Z (A= i) N+ pi +1n)

Fo(pis ta—i)Va(A, pa—i),
i—1

Grupo de
<¢ | M > Fisica Matemdtica

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model



ABA for the open XXX chain

Bethe vector WV,

where the eigenvalue is given by

)\+/~L/ >\ NJI*”)
)N+ i +n)

’:]m

N2 (A, {i}) = k1 (
i=1

r2(A ()‘ ,u, /\+N/+77)

::m

i=1
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ABA for the open XXX chain

Bethe vector WV,

and the two unwanted terms are canceled by the Bethe equations
which follow from Fo(ui; pz—i) = 0, i. e.

api) (i +n)ra(pi) (i — pa—i +n)(pi + pa—i +2n)

=

() i 1 (i) (i + pa—i)(pi — pa—i — n)

i={1,2}.

)
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GM as the limit of the XXX

Outline

e Gaudin model as the quasi-classical limit
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GM as the limit of the XXX

Gaudin model

We explore further the results obtained in the previous section on the
XXX Heisenberg spin chain in the case when both boundary matrix
are upper-triangular.
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GM as the limit of the XXX

Gaudin model

We explore further the results obtained in the previous section on the
XXX Heisenberg spin chain in the case when both boundary matrix
are upper-triangular.

We combine them together with the quasi-classical limit with the aim
of implementing fully the off shell Bethe ansatz for the corresponding
Gaudin model by defining the Bethe vectors and deriving its spectrum
and the corresponding Bethe equations.
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GM as the limit of the XXX

Gaudin K-matrix

For the study of the open Gaudin model we impose

lim <K+()\)K*()\)> = (2-)22) 1.

n—0
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GM as the limit of the XXX

Gaudin K-matrix

For the study of the open Gaudin model we impose

lim <K+()\)K*()\)> = (2-)22) 1.

n—0

In particular, this implies that the parameters of the reflection matrices
on the left and on the right end of the chain are the same.
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GM as the limit of the XXX

Gaudin K-matrix

Therefore, we will write

=k = (45" 2%, ).

K*(A) =K(=A—n) = < éth(AOJr v «S_—w((;:g))v ) '
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GM as the limit of the XXX

Quasi-classical expansion

The quasi-classical expansion reads

2XM(\) — A[T(V)] = 2X (62 = X23) 1+ 7 (2 - 33%A) 1
y2
+7°A ((52 — N2) 1(A) — 21) +0(n%),

where 7(\) is the generating function for the Gaudin model with upper
triangular boundary matrix

7(\) = trg L3(N),
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GM as the limit of the XXX

Quasi-classical expansion

with the Lax matrix

A—Qm A+ oam

(&0 8 B (K;(A)éme(A))) |

The Gaudin Hamiltonians with the boundary terms are obtained from
the residues of the generating function at poles A = +a, :

Resy=a, 7(A) = 4H; and Res)—_,,7(\) = 4 Hp.
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GM as the limit of the XXX

Sklyanin determinant

The element A [T ()] can be written in form

A[T(N)] = 2XD(A —1/2) A\ +n/2) — (A +m)B(A — n/2)C(A +n/2).
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GM as the limit of the XXX

Sklyanin determinant

The element A [T ()] can be written in form
A[T(N)] = 2AD(A — 1/2)A(A +1/2) — (2A + n)B(A — n/2)C(A + 1/2).

Therefore €2 is an eigenvector

-~

AT = a(A+1/2)3(1 - n/2)2;.
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GM as the limit of the XXX

(2, is an eigenvector

Moreover, Q. is an eigenvector

(M) = AT 24 =2 (Ao(N) = a(A +1/2)3(x - 1/2)) Q.
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GM as the limit of the XXX

(2, is an eigenvector

Moreover, Q. is an eigenvector

(2A(N) — A[TON 24 =22 (o) — a(r +1/2) 51 — 1/2)) ;..

We can expand

22 (k1(Na(X) + £2(N)F() — a(r +1/2) 5(A — n/2)) =24 (€2 - 3?)
+1 (€ = 3A%7) + 1A ((6 = X0%) xo(A) - ”;) +O(r°)-

(plu) B2
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GM as the limit of the XXX

(2, is an eigenvector

It follows that Q. is an eigenvector of the generating function

TN = xo(V2s,

with

Sm
Xo(A) = )\2V2 Z ( -« )\+am) e

m

" Z ( SmSn + Smdmn 2 (SmSn + SmOmn) SmSn + SmOmn >
A—an)XA—an)  A—ap)(A+an) A+an)(A+ap)

Grupo de
<¢ | M > Fisica Matemdtica

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model



GM as the limit of the XXX

General xp(A, 1, - -+, fim)

In general, we can obtain the spectrum xu (A, i1, - - ., um) of the
generating function 7(\) of the Gaudin Hamiltonians through the
expansion

2\ (AM()\, L1y i) — oA +1/2) 3(A — n/z)) =2) (2 - 32R)

or explicitly
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GM as the limit of the XXX

General xp(A, 1, - -+, fim)

—4)\2p4
XM(As s i) = (@ 222

1 — 0 (1 —di) 1 — i
+2];1 < A = ) (A — k) * (A — 1)) (X + k) " (/\+Mj)(/\+uk)>

P Z < SmSn + SmOmn 2(SmSn + SmOmn) SmSn + SmOmn )
A=—am)XA—an)  A—am)A+an) A+an)(A+ap)
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GM as the limit of the XXX

Expansion of Fu(pe1; p2, - - -, pem)

As our next important step toward obtaining the formulas of the
algebraic Bethe ansatz for the corresponding Gaudin model we
observe that the first term in the expansion of the function
Fum(pet; pos - - - uar) in powers of 7 is

Fu(ps pizs - ) = s iz, - -, pom) + O(f7),

where
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GM as the limit of the XXX

Expansion of Fu(pe1; p2, - - -, pem)

M
2uqv 1
fM(M;Mz,---,MM) €ﬁ1uy 5 el Z< 1 M1+M/)
=

N
tAE-m) ) ( i i1 j‘mOém> '

—y \H1 — Qm
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GM as the limit of the XXX

Bethe vector ¢4(u) of the Gaudin model

We have used the expand the Bethe vector V4 (u) of the Heisenberg
spin chain in powers of n and obtained the Bethe vector (4 () of the
Gaudin model

Vi(p) = ne1(p) + O(n?),
where

N
pr(p) = (§+amy §+a’”y) (ws’” +S,;> Q..

— (6 14
m=1 m frtam

Grupe
<¢ | u ) Fei
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GM as the limit of the XXX

Off shell for the Gaudin model

As our final step we observe that we have the off shell action of the
difference of the transfer matrix of the XXX chain and the central
element, the so-called Sklyanin determinant, on the Bethe vector
Vi(p)

(M) = AT W1 () =22 (AM(A 1) = A+ 1/2) 31 = 1/2) ) W1 (1)

2n(A +n)(§ + pv)

TR +at)

Fi(u)W1(N).
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GM as the limit of the XXX

Off shell for the Gaudin model

Finally, the off shell action of the generating function the Gaudin
Hamiltonians on the vector ¢1(u) can be obtained from the equation
above by using the expansions above

4N + )
£2 — Nv2) (N2 — i?)

(N1 (1) = xa1 (A 1) (1) + ( fi(1)p1(A)-
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GM as the limit of the XXX

Off shell for the Gaudin model

Finally, the off shell action of the generating function the Gaudin
Hamiltonians on the vector ¢1(u) can be obtained from the equation
above by using the expansions above

T(N)er() = 1 o1 0) + e (1),

Therefore ¢1(p) is the Bethe vector of the corresponding Gaudin
model, i.e. the eigenvector of the generating function the Gaudin
Hamiltonians once the unwanted term is canceled by imposing the
corresponding Bethe equation

2u 12 N s s
filn) = 2 12— )y (2 T
£+ pv p—am pt+am
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Summary
Outlook

Conclusions

Summary

@ We have mplemented fully the algebraic Bethe ansatz for the
XXX Heisenberg spin chain in the case when both boundary
matrices can be brought to the upper-triangular form.

rupo de
<¢|M> ruawwmzm

N. Cirilo Anténio, N. Manojlovi¢ and I. Salom ABA for the XXX chain and Gaudin model



Summary
Outlook

Conclusions

Summary

@ We have mplemented fully the algebraic Bethe ansatz for the
XXX Heisenberg spin chain in the case when both boundary
matrices can be brought to the upper-triangular form.

@ We have defined the Bethe vectors which yield the strikingly
simple expression for the off shell action of the transfer matrix,
deriving the spectrum and the corresponding Bethe equations.
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Summary
Outlook

Conclusions

Summary

@ We have mplemented fully the algebraic Bethe ansatz for the
XXX Heisenberg spin chain in the case when both boundary
matrices can be brought to the upper-triangular form.

@ We have defined the Bethe vectors which yield the strikingly
simple expression for the off shell action of the transfer matrix,
deriving the spectrum and the corresponding Bethe equations.

@ We have explored further these results by obtaining the off shell
action of the generating function of the Gaudin Hamiltonians on
the Bethe vectors through the so-called quasi-classical limit.
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Outlook

Conclusions

Work in progress

@ The implementation of the ABA for the Gaudin model.
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Summary
Outlook

Conclusions

Work in progress

@ The implementation of the ABA for the Gaudin model.

@ To compare the results obtained via quasi-classical limit and the
ones coming from the algebraic Bethe ansatz for the Gaudin
model.
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Summary
Outlook

Conclusions

Work in progress

@ The implementation of the ABA for the Gaudin model.

@ To compare the results obtained via quasi-classical limit and the
ones coming from the algebraic Bethe ansatz for the Gaudin
model.

@ The study of the XXZ case...
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