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Introduction

For the last fifteen years due to remarkable
proposal of Maldacena the AdS/CFT corre-
spondence is a dominant subject in string the-
ory and conformal field theory. That pro-
posal of was further elaborated by Polyakov
et al and by Witten. After these initial papers
there was an explosion of related research
which continues also currently.

Let us remind that the AdS/CFT correspon-
dence has 2 ingredients:

1. the holography principle, which is very
old, and means the reconstruction of some
objects in the bulk (that may be classical or
quantum) from some objects on the bound-
ary,

2. the reconstruction of quantum objects,
like 2-point functions on the boundary, from
appropriate actions on the bulk.



Our focus is on the first ingredient and we
consider explicitly the simplest case of the
(3+1)-dimensional bulk with boundary 3D
Minkowski space-time. The reason for this
is that until now the explicit presentation of
the holography principle was realized in the
Euclidean case, relying on Wick rotations of
the final results.

Yet it is desirable to show the holography
principle by direct construction in MinkowsKi
space-time. This is what we do in the present
paper using representation theory only. For
this we use a method that is used in the math-
ematical literature for the construction of dis-
crete series representations of real semisimple
Lie groups [Hotta,Schmid], and which method
was applied in the physics literature first in
[IDMPPT] exactly in the Euclidean AdS/CFT
setting, though that term was not used then.
This method was applied recently also to the
case of non-relativistic holography [Ai-Do].



The method utilizes the fact that in the bulk
the Casimir operators are not fixed numeri-
cally. Thus, when a vector-field realization
of the anti de Sitter algebra so0(3,2) is sub-
stituted in the bulk Casimir it turns into a
differential operator. In contrast, the bound-
ary Casimir operators are fixed by the quan-
tum numbers of the fields under consider-
ation. Then the bulk/boundary correspon-
dence forces an eigenvalue equation involv-
ing the Casimir differential operator. That
eigenvalue equation is used to find the two-
point Green function in the bulk which is then
used to construct the boundary-to-bulk inte-
gral operator. This operator maps a bound-
ary field to a bulk field. This is our main
result.

What is also important in our approach is
that we show that this operator is an inter-
twining operator, namely, it intertwines the



two representations of the anti de Sitter al-
gebra so(3,2) acting in the bulk and on the
boundary.

T his also helps us to establish that each bulk
field has actually two bulk-to-boundary lim-
its. The two boundary fields have conjugated
conformal weights A, 3 — A, and they are
related by a boundary two-point function.



Preliminaries
Lie algebra and group

We need some well-known preliminaries to set
up our notation and conventions. The Lie
algebra G = s0(3,2) may be defined as
the set of 5 x 5 matrices X which fulfil the
relation:*

"Xn+nX =0, (1)
where n is given by

n — (UAB) — diag(_la 17 17 17 _1)7 (2)
AB=0,1,-.4

Then we can choose a basis X 4p = —Xpy of
g satisfying the commutation relations
[XaB, Xcp]l = (3)

NACXBD +MBDXAC — MADXBC — NMBCXAD

*For other purposes it may be more convenient to use
the other fundamental representation in terms of 4 x4
matrices.



We list the important subalgebras of G:

e L = 5s0(3) & so(2), generators:
XAB : (A7B) E {17273}7 {074}7
maximal compact subalgebra;

e O, generators: Xup : A€{l1,2,3},B¢€
{0,4}, non-compact completion of K;

e A=350(1,1), generator: D = X34,
dilatations;

e M =s5s0(2,1), generators: Xyup : (A, B) €
{0,1,2}, Lorentz subalgebra;

e N, generators: T), = X;3+ X4, p=
0,1,2, translations;



e A\, generators: Cp=Xy3— Xya, p=
0,1,2, special conformal transformations.

e H, generators: D, Xy, Cartan subal-
gebra of (;

T hus, we have several decompositions:

e =K Q, Cartan decomposition;

—_—

e =K AN, and N — N, Iwasawa
decomposition;

e C=NOIMBADN, Bruhat decomposi-
tion;

The subalgebra P = M&ABN is a maximal
parabolic subalgebra of ¢.



Finally, we introduce the corresponding con-
nected Lie groups:

G = S0q(3,2) with Lie algebra G = s0(3,2),
K = S0O(3) x SO(2) is the maximal com-
pact subgroup of G,

A = exp(A) = SOqg(1,1) is abelian simply
connected,

N = exp(N) & N = exp(N), are abelian
simply connected subgroups of G preserved
by the action of A.

Thegroup M = SOp(2,1) (with Lie algebra
M) commutes with A.

The subgroup P = MAN is a maximal
parabolic subgroup of . Parabolic sub-
groups are important because the representa-
tions induced from them generate all admis-
sible irreducible representations of semisimple
groups [Langlands,Knapp-Zuckerman].



Elementary representations

We use the approach of [D] which we adapt
in a condensed form here. We work with
so-called elementary representations (ERS).
They are induced from representations of

P = MAN, where we use finite-dimensional
representations of spin s & %Z—I— of M, (non-
unitary) characters of A represented by the
conformal weight A, and the factor NN is rep-
resented trivially. The data s,A is enough
to determine a weight A € H*. Thus, we
shall denote the ERs by CN.  Sometimes
we shall write: A = [s,A]. The represen-
tation spaces are C*° functions on G/P, or
equivalently, on the locally isomorphic group
N with appropriate asymptotic conditions
(which we do not need explicitly). We recall
that N is isomorphic to 3D Minkowski space-
time I whose elements will be denoted by
xr = (xzg,x1,22), While the corresponding el-
ements of N will be denoted by #,. The



Lorentzian inner product in 97 is defined as
usual:

(z,2") =z’ = zgzy — 212 — 2225, (4)

and we use the notation z2 = (z,z) .

The representation action is given as follows:

(TN9p)(x) = y~ 2 D*(m)p(z)  (5)

the various factors being defined from the lo-
cal Bruhat decomposition G =,c NAMN :

: (6)

where y € R4 parametrizes the elements a €
A, me& M, D3(m) denotes the representa-
tion action of M, n &€ N.

g_1 Ng = N a tm~in~t

In the above general definition ¢(x) are con-
sidered as elements of the finite-dimensional
representation space V¥ in which act the op-
erators D%(m). Following [DMPPT,D] we



use scalar functions over an extended space
M x Mg, where Mg is a cone parametrized
by the variable { = ({p,(1,{2) subject to the
condition:

(= =¢¢—-¢E—-¢=0.

The internal variable ¢ will carry the repre-
sentation DS.

The functions on the extended space will be
denoted as ¢(z,¢).T On these functions the
infinitesimal action of our representations looks

In mathematical language, we have passed to line-
bundle formulation.



as follows:

o0
T,u,:a'u, a,u,:—, ,U;:O,].,Q
oz,
2

pu=0
X01 = 2001 + 100 + S01,
X02 = 2002 + 2200 + $02,
X12 = —x102 + 2201 + 512, (7)
Co = 220D + 22899 — 2(x1501 + £2502),
C1 = —2x1D + 2291 + 2(x0s01 — 2512),
Co = 215D + x205 + 2(xs02 + 1512)-

where

0 0 0 0
$01 = Cof?—Cl + ClE)—Q‘O’ 502 = Coa—c2 —+ Cza—CO,
S1p = —Cli + Czi (8)

e[& ¢t
and they satisfy the M = so(1,2) commuta-
tion relations

[s01,502] = —5102, [s02,512] = so1,
[s12,501] = s02 . (9)



The Casimir of G is given by:

1
C = EXABXAB = —X§1 — Xgo + Xfp — D?

—3D — CoTp + C1T1 + CoT> (10)

and it is constant on our representation cN -

Co = —(A(A-3)+s(s+1)p = A(5,D) .
(11)
Note that the constant A(s, A) has the same
value if we replace A by 3 — A. This means
that the two boundary fields with conformal
weights A and 3— A are related, or in mathe-
matical language, that the corresponding rep-
resentations are (partially) equivalent.



Bulk representations

It is well known that the group SO(3,2) s
called also anti de Sitter group, as it is the
group of isometry of 4D anti de Sitter space:

B = 1. (12)

There are several ways to parametrize anti
de Sitter space. We shall utilize the same lo-
cal Bruhat decomposition that we used in the
previous subsection. Thus, we use the local
coordinates on the factor-space G/MN =,¢
NA, i.e., the coordinates (z,y) = (zg,z1,72,v),
y € Ry . In this setting the latter space
is called bulk space, while 3D Minkowski
space-time is called boundary space, as it is
identified with the bulk boundary value y =
0. The functions on the bulk extended with
the cone My will be denoted by o¢(z,y, ).



Now we give a vector-field realization of so(3,2)
on the bulk functions ¢(x,y,() :

Tﬂzau, ,U/:O,:I.,Q

2
p=0

Xo01 = 7001 + %100 + S01,
Xo02 = 2002 + 200 + 502,
X12 = —x102 + 2201 + 512, (13)
Co = 2z0D + (= + y%)do +
+ 2(ys12 — 1501 — £2502),
C1 = —2x1D + (x? + y%)d; +
+ 2(yso2 + Toso1 — T2512),
Cp = —2z5D + (x° + y2)d +
+ 2(—ys01 + zoS02 + T1512),

Note that the realization of so(3,2) on the
boundary given in (7) may be obtained from
(13) by replacing ydy, — A and then taking
the limit y — 0.



The realization (13) causes the infinitesimal
transformation of the bulk coordinates:

T,  xy— xu+ a,
D : xy— (1—a)zy, y— (1 —a)y,
Xoy @ ®o— x09+ary, xyu— xy+axg, p=1,2
X112 | 11 — 21+ axo, To — To — arq,
Co xo—>wo+a(y2—x%—x%—x%),
r12 — (1 —2azg)x12, y— (1—2axg)y,
C1 : 71 —>a:1—|—a(y2—|—:138—|—x%—:1:%),
o2 — (14 2ax1)z02, vy — (14 2az1)y,
Co @ xp— xp+a(y® + zg — 21 + 23),

o1 — (1 +2ax2)xg1, y— (1+2az2)y



It follows that every SO(3,2) invariant of the
two points (zy,y) and (z),,y') is a function of

4 /
u = 7Y (14)

(x —x)° 4+ (y+y)?

We shall use also one-point SO(3,2) invari-
ants - functions of the variable
4y
u = : (15)
2+ (y + 1)

obtained from w by setting xib =0, y = 1.




Eigenvalue problem and two-point func-
tions in the bulk

Eigenvalue problem of Casimir in the bulk

As we explained in the Introduction we first
concentrate on the holography principle, or
boundary-to-bulk correspondence, which means
to have an operator which maps a boundary
field ¢ to a bulk field ¢. This map must be
invariant w.r.t. the Lie algebra so(3,2). In
particular, this means that the Casimir must
have the same values in the boundary and
bulk representations. The Casimir on the
boundary representation C” is a constant A(s, A)
given in (11). Clearly, the equivalent bulk
representation will consist only of functions
on which the Casimir has the same value.



Explicitly, the Casimir operator is realized in
the bulk as follows

C = Cp+4+C;—2y(51200 — 50201 + 50102),
Cp = y?(—88+ 07+ 83) — 4202 + 2y0,
C; = (—sb1— 562+ 512) (16)

where C; is the Casimir operator of so(1,2)
in terms of the internal variables.

Since the Casimir in the bulk is not constant
but a differential operator our representation
functions will be found as the Casimir eigen-
functions in the bulk. Thus, we consider the
eigenvalue problem of the Casimir operator
of s0(3,2):

CV(z,y,¢) = A(s, D)WV (z,y,() . (17)

Having in mind the degeneracy of Casimir
values for partially equivalent representations



(A — 3—A) we shall need also the appropri-
ate asymptotic condition:

¢($ay7C)|y—>O —  y“¢(x,0,0) , (18)
a=A,3—-—A.

Below we shall use the asymptotic condition
a = A, while the other choice will be imple-
mented by equivalence.

One may write Cg in terms of only u:

ey =2 - 1)L 400 (19)
—— V] u — — u—— .

B dii2 dii

We are interested in solutions in which the

(-dependence is factored out in the form

W = w(%y) Q(w,y,C)S ) CS Z—I—

We assume that ¢ is a SO(3,2) invariant,
thus it is function only of u: Y (x,y) = ¥ (u).
Furthermore we require that @ is an eigen-
function of (Cj;. It follows that W is also an
eigenfunction of Cy :

C]\U — )\]\U — —S(S —|— 1)\U . (20)



With the fixed vector ({;,¢],¢5) in the inter-
nal space, () is given by

0 = 2h-@ -+ 1HH-20+1)Is

x2 + (y + 1)2
I1 = (z,¢) (z, (), I = (¢, ¢,
2
I3 = Z x, (¢ X C/)u ; (21)
pn=0

where ¢ x ¢’ is the standard vector product.

With this form of Q the eigenvalue problem is
reduced to the second order differential equa-
tion:

2
<(u — 1)A2 d s+ 2udi — s(s+ 1)u> ()
= (- AI)QP(U) =ARB-A)y(u)  (22)



Two-point Green function in bulk

We need also the two-point Green function in
bulk. Standardly for this we derive the Green
function of the operator C — A\

(C—=N)G(z,y,¢ 2, v, ¢) = y*6> (a—a)6(y—y) (¢, ¢)*.
(23)

The computation of G is more or less same

as the ones for eigenvalue problem of C in

the previous subsection. We assume G has a

factored form

G(aj7 y? C; ‘/‘B/7 y,7 C/) — f(u) Q(w7 y? C; $/7 y/7 C,)S7

where u is the SO(3, 2) invariant of two points
(z,y) and (z’,vy’) given in (14).



Then G is given by

G=u">F(u)Q*, (24)

s el (Gl )2 — (y+ 9N — 2(y +y) I3
(& —2)2 4+ (y + y)?

I =(@—-a, -2, L=/,

2

I3=> (zu—2,)(¢ % ¢y,

p=0

and F(w) is a singular solution of the hyper-
geometric equation

(u(l — u)%

+ (s—A+1)(+A))F(w) =0 (25

—I—Q[A—l—Au]i -+
du

By another calculation we obtain:

d2
(C— NG = —-Q%u>T1 (u(l — u)@ + (26)

+20A 1 Aull + (s~ A+ 1)(s+ 2))F ()



Thus if F(u) is a singular solution of the
hypergeometric equation (25) then we ob-
tain the RHS of (23). The delta functions
in the RHS corresponds to the singularity at
u=1<:>33M=:13L, y =1y



Bulk-boundary correspondence

Let o€ CN and ¢ be fields on the bound-
ary and in the bulk, respectively. We assume
that they are eigenfunctions of the Casimir
operator with the same eigenvalue:

Co = Ao, Coh = \o. (27)

The bulk field behaves as in (18) when ap-
proaching the boundary. We choose o =
A and define the bulk-to-boundary operator

LA by

p(z,¢) = (Lad)(z, () i= |lm y~2¢(z,y,0).
(28)

On the other hand the boundary-to-bulk op-
erator L, is defined by
¢(z,y,0) = (Lap)(x,¢) = (29)
= [ SaGa— ',y ¢, 0, ¢



where the kernel Sp is obtained from the bulk
two-point Green function G by sending one
point to the boundary:

Sa(z—a',y; ¢, 0p1) = im. Y2 73G(z,y, &2y, O).

y —
(30)
The formula for Sp is given by
_ 4y
Sn = NAG 2SR5, a= ,
N A% u (x — /)2 + 42
uLl
R="", (31)
4y
with

=20 - ((x -2 -y - 2yl3, (32)
I =& —2a2,¢ (x — w/,8</>, I, = (€5 O¢r)s
2

Z (Tp — ‘/'U:,L)(C X a(;/)u ;

p=0
and Np is a normalization constant depend-
ing on the representation A = |s, A].

~

I3

Now we check consistency of the operators



L and E/\I

LAOE/\:]_/\ — 10/\, ZAOLA:]‘bUlK
(33)

For the first relation in (33) we have to show
that:

o(2,0) = (La o Lap)(,0) = (34)
= lim 5= [ Spe = o,y; ¢, 0)e(a', )
y—>

We take the limit first by exchanging it and
the integral. To calculate the limit it is neces-
sary to express the kernel Sp in another form.
To this end we establish the following formula
of Fourier transform:

eHp,X) d3X . T
/( X, X) + y2)« (277)3/2 - (—1)2a—120 (@)

— a—3/2
x | L=F HY, S/ -p?),  (35)

Yy




where X, = z, — zj, and Hél) is a Han-
kel function. The (X7, X5) integration can
by carried out by making use of the follow-
ing two formulae. First one is a formula for
(d — 1) dimensional angular integration in d

dimensional Euclidean space:

r)e T d'z = 36
Frye TS (36)
1 d/2 roo %_1
(o) [ (—) Jy_y(pr)dr
ﬁ: (p17p27”' 7pd)7 T = ($]_,332, 7ajd)7

SH

d
= > pi, 0= a7,
k=1 k=1

which is valid for any radial function f(r).

Second formula is an integration of Bessel
function:

00 TB‘I'lJﬁ(afr') g cﬂpﬁ_VKﬁ_,y(ap)
0 ("“Q-I—/OQ)VJF'1 27T (v + 1)

(37)



We modify the second formula (38). Set g =
O and replace p with —ip, then use the relation
between Bessel functions

Ky(z) = gievm/zHgl)(iz), —mr < argz < g
(38)
we obtain
o  rJg(ar)
dr = 39
/o (r2 — p2)r+1 " (39)
mra’l 1
HV (ap)

~ D2y + 1)
Now we return to the Fourier transform (35).

Angular integration in X1 X» plane is performed
by (37) and we use (40) for the radial inte-



gration in the plane:

(p,X) d3 X B
/( X, X) +y2)0‘(27r)3/2 B
> dXg dr rJo(pr)
0o V2 /o (—1)*(r2 — X8 — y?)°

i P\ 1
_(_1)2a—1r(a)(> .
OOdXOH( )]_(p\/XO + y2 )
/ V2 (XC2)_|_y2)(oz 1)/2

£P0X0

COS poXp

where
*=XT+X3,  p°=pi+rs
Recalling that
1 .
HSV () = J5(2) + i¥(2)

Xop integration is performed by the formulae



of Fourier cosine transform [Bateman]

f(r) Jo® f(r) cos(rp) dr
( \/Wb(aQ _ p2)5/2—1/4
X
Jﬁ(a\/’rz + b2) 2 (ab)P
(TQ_I_bQ)ﬁ/Q < ><J5_1/2(b\/a2—p2) O<,0<CL
| O a<p
( \/ﬂ'b(CLQ _ p2)6/2—1/4
2 (ab)? 8

Yﬁ(a\/’rz + b2)

(r2 +b2)P/2

XYﬁ_l/Q(b\/CLQ—pQ) O<p<a

\/?b(pQ . a2)ﬁ/2—1/4
\ (ab)? 8

| XKg_12(by/p? —a?) a<p
RO > —%, a,b >0



By these formula we obtain

° a7 5yX2 +42)
b B e 07
(@) 1/2 (—(p,p))*/2=3/4

a (py)>—*
XHa_3/2(pr"2—p%) O<po<p

(py)o—1
XK, _3/2(y\/p§ — D) P < po

cos(poXp) =

X

X

7

\

X

_ (”_9)1/2 (—(p,p))>/2=3/4
2 (py)o—t

3/2(9 \V P ~2 - pO ) (40)

In the last equality the relation (38) was used
to unify two separate cases. Note that (p,p) =
p3—p2. In this way the Fourier transform (35)
has been established.

Now we evaluate the Fourier transform of the



kernel Sa

3
g X) X

(4y)3~2 ) o d3X
(X, X) _|_y2>s A+3 (27)3/2 o
—1m Np

o 2s+A—-1 M(s— A+ 3)ys—3/2

X(\/ )S A+3 2H§1)A+3/2(y \V _pz )7

where

S = —2(8p-¢)8p- 0+ ((Bp, Op) + y*)(, 0p)
+ 2iy(Op, ¢ X 1), (42)

2
with a-b = > auby. Inverse Fourier transform

p=0
gives the following formula of the kernel

(41)

S® x

—1m INp "
23—|—A—1|—(S ~ A+ 3)ys—3/2

X/sS( /_p2 )s— A+3/2H(1)A+3/2(y*’ )

—i((p,x)_ 4P
X e (27)3/2

SA = (43)




Since we take a limit of y — O, we replace the
Hankel function with its asymptotic form

—Z'Hél)(z) R _r(a) (g>a, > —0
<

7

T hen

—i(\/—p )s A+3/ 2H(1)A—|—3/2(y‘/ ) —

(s — A +3/2) (_) —at3/2
y Y

T

s—A+3/2¢7_ (44)

is independent of p, so that the action of S is
reduced to y2(¢,d) and the integration over
p becomes Dirac’s delta function:

(27)3/2NAT (s — A + 3/2) y

A 228-5/21 (s — A + 3)
X Y263 (X)(¢, 0¢r)* (45)
s—A+3/2¢7Z_, y—0

Substituting this formula of S in (35) we ob-



tain:
3/2NAT (s — A +3/2)
_ 7 Al (S
90(337C) - 22A_4|—(S_ A+3) Sﬁ(iﬂao
s—A+3/2¢7Z_, s—A+3¢&7Z_ (46)
From the latter we see the first consistency

relation (33) being true by an appropriate
choice of Nj, e.g.

D284 (5 — A 4+ 3)

Cw32r(s—A+3/2) ]
s—A+3/2¢7Z_, s—A+3¢7Z_

N (47)

As a Corollary we conclude that for generic
values of A we can reconstruct a function on
anti de Sitter space from its boundary value.
Indeed, suppose we have:

0(2,9,0) = [ SpG@—a',y; 6,0 da’ .
(48)



Then we have for the boundary value:

Yoz, Q) = (Lag)(x,¢) = “m TR CRING

—0
= lim v [ Spe —o,yi ¢, 00 (&, Nda’

y—>

= f(z) (49)

Now we can prove the second consistency re-
lation in (33):

(Lno Lad)(z,y,¢) = (50)
= [ SpGe = ',y: ¢, 0) (Lad) o/, ¢’ =
= /S/\(CE — Y, C,@C/) |II'T1O y’ A (37 y C) —

= [ SaGe = a',y: ¢, 9o (a!, ¢ Nda' = ¢, y,0)

where in the last line we used (49).



Intertwining properties

Here we investigate the intertwining proper-
ties of the boundary <« bulk operators.

Bulk-to-boundary operator LA

It is not difficult to verify the intertwining
property of the representations of so(3,2) on
the boundary and in the bulk. Namely, one
may verify the following by direct computa-
tion:

XoLao=LaoX, XE€so(3,2), (51)

where X denotes the action of the generator
X on the boundary (7) and X denotes the
action of the generator in the bulk (13). More
explicitly,

XSO(CUM:C/J — ylﬂqo y_AXQb(f’?myaC,u) (52)



If the field ¢ belongs to the conjugate repre-
sentation ¢ € cN, A= [s,3 — A], then re-
lations (51),(52) hold with the change A —
3 — A, the same change being made also in

(7).
Boundary-to-bulk operator Lx

The intertwining property means that

~

XOL/\:EAOX. (53)
More explicitly, it reads

qu(wlhyac,u) — (54)
= /S/\(aiu,y,gu; xi“a%) X/\ 90(372L7C;/L)d333/

This is an immediate consequence of LA o
E/\ = 1x, E/\ oL = ]'bU”( and (51). By
sandwiching (51) by La one has

InoLaoXoLa=LaoXoLaolLp.



This is nothing but (53).
Further intertwining relations

We start by recording the second limit of the
bulk functions

eo(z,0) = lim y272 .y, 0) = (55)
= lim 4372 [ Sp(e o ;¢ 0o (!, Yda’ =
= [ 4! Gpe — o' C.00) v ) . (56)

TA
Ny = 43"2Ny | (57)

where we have recovered the well-known con-
formal two-point function:

(r(z; ¢, ¢))°

GA(x;Cacl) — IA ($2>A ) (58)
r(z; ¢,¢") = T(CB)WC“C/;, (59)

r(x)uoc = Pwuazg — Guo
(g,lﬂ/) — dlag(]-) _17 _1)

@
|



for the conjugate weight A = [s,3 — A]. The
latter is natural since vg € C, ¢q € 07\, and
the conformal two-point function realizes the
equivalence of the conjugate representations
A, A which have the same Casimir values, as
we have seen. The normalization constant
~va depends on the representation A = [s, A]
and below we derive a formula for the product

TYANVA -

Further, using (55) we define the operator
Ga through the kernel Ga(z; ¢, ()

Gy : oMo oM, (60)
(Grvo) (@, Q) = [ da’ Gala—a':¢,0¢) wo(a',¢)

Then relation (55) may be written as:

Na ~ .

as operators acting on the bulk functions ¢(x, vy, ().



Note that at generic points (those not ex-
cluded in (46)) the operators G and Gjx are
inverse to each other:

G/\OG~=1/\, G}"\OG/\Z].]"\. (62)

At generic points from this we can obtain a
lot of interesting relations, e.g., applying L
from the right we get:

LA ©) E/\ — N A (63)
TA
Then we write down the conjugate relation:
_ Nz
LaoLzx =2 Ga (64)
TN
Then we combine relations (63) and (64):
- N5 N5
LaoLzoLgxoLp =2 A GpoGxr = A NA 1,
TN VA TN TA
(65)

For the LHS of (65) we use first the second
relation of (33), then the first to obtain:

LAOE/*'\OLAOE/\ — LAO]‘bUlKOEA — LAOE/\ — 1/\ .
(66)



Thus, from (65) and (66) using (47) and (57)
follows:

YA YR = Na N = (67)
B 2T (s —A+3)TM(s+ A)

S (s—A+3/2)T(s+A—-3/2)
s—A+4+3/2¢7_, s—A+3¢&7Z_,
s+A-3/2¢7_, s+AN¢&7_ .

The product of constants in (67) should be
proportional to the the analytic continuation
of the Plancherel measure for the Plancherel
formula contribution of the principal series of
unitary irreps of G, cf., e.qg., [D], but we shall
not go into that.

Finally, we notice that all operators that we
have used may be found on the following
commutative diagram:



bulk|[¢]

Cx [eol _ Ch [¥o]



