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I Closed string in a weakly curved background
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Bosonic string in a weakly curved background
I Action for the closed string in the conformal gauge

gαβ = e2Fηαβ

S [x ] = κ

∫
Σ
d2ξ ∂+x

µΠ+µν(x)∂−x
ν , ∂± = ∂τ ± ∂σ

I Background consists of metric tensor Gµν = Gνµ and
Kalb-Ramond field Bµν = −Bνµ

Π±µν(x) = Bµν(x)± 1

2
Gµν(x)

I Space-time equations of motion

Rµν −
1

4
BµρσB

ρσ
ν = 0, DρB

ρ
µν = 0

I Weakly curved background

Gµν(x) = const, Bµν(x) = bµν+
1

3
Bµνρx

ρ, bµν ,Bµνρ = const
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Generalized Buscher construction of a T-dual theory
I Old steps (applicable to backgrounds which do not depend on

the coordinates which one T-dualizes):
I Localize the global symmetry δxµ = λµ = const
I Introduce the gauge fields vµ

α
I Substitute the ordinary derivatives with the covariant ones

∂αx
µ → Dαx

µ = ∂αx
µ + vµ

α

I Impose the transformation law for the gauge fields

δvµ
α = −∂αλµ, (λµ = λµ(τ, σ))

I New step (enables T-dualization of every coordinate):
I Substitute the coordinate xµ by the invariant coordinate

∆xµinv ≡
∫

P

dξα Dαx
µ = xµ − xµ(ξ0) + ∆V µ,

here

∆V µ ≡
∫

P

dξαvµ
α .
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Generalized Buscher construction
I Old step:

I Require the equivalence with the initial theory
I Field strength

Fµ
αβ ≡ ∂αv

µ
β − ∂βv

µ
α

must be zero
I Add the Lagrange multiplier yµ term in the Lagrangian

I Result:
I Gauge invariant action

Sinv = κ

∫
d2ξ
[
D+x

µΠ+µν(∆xinv )D−x
ν+

1

2
(vµ

+∂−yµ−v
µ
−∂+yµ)

]
I Fix the gauge xµ(ξ) = xµ(ξ0)
I Gauge fixed action

Sfix [y , v±] = κ

∫
d2ξ
[
vµ

+Π+µν(∆V )vν
−+

1

2
(vµ

+∂−yµ−v
µ
−∂+yµ)

]
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Gauge fixed action

I Two equations of motion can direct the procedure either back
to the initial action or forward to the T-dual action.

I For the equation of motion obtained varying the action over
the Lagrange multipliers, the gauge fixed action reduces to
the initial action.

I For the equation of motion obtained varying the action over
the gauge fields one obtains the T-dual theory.

I Comparing the solutions for the gauge fields in these two
directions, one obtains the T-dual coordinate transformation
laws.
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Complete T-dualization
I T-dual action

S [y ] =
κ2

2

∫
d2ξ ∂+yµΘµν

−
(
∆V (0)(y)

)
∂−yν

I T-dual background

Θµν
− = −2

κ

(
G−1

E Π−G
−1
)µν

,

where GE
µν ≡ [G − 4BG−1B]µν

I Argument V µ = −κ θµν0 yν + (g−1)µν ỹν
Original theory S [x ] −→ T-dual theory S [y ]

Noether current jαµ Topological current ?iαµ = −κεαβ∂βyµ
Conservation law = Equation of motion Conservation law = Bianchi identity
∂αj

α
µ = 0 ∂α

?iαµ = 0

T-dual of T-dual theory S [x ] ←− T-dual theory S [y ]

Topological current iαµ = −κεαβ∂βxµ Noether current ?jαµ

Conservation law = Bianchi identity Conservation law = Equation of motion
∂αi

αµ = 0 ∂α
?jαµ = 0
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Partial T-dualizations

I T-dualization along direction xµ: Tµ

I T-dualization along dual direction yµ: Tµ
I T-dualization along initial directions

T a = ◦d
n=1T

µn , T i = ◦D
n=d+1T

µn , T = ◦D
n=1T

µn

I T-dualization along dual directions

Ta = ◦d
n=1Tµn , Ti = ◦D

n=d+1Tµn , T̃ = ◦D
n=1Tµn

µn ∈ (0, 1, . . . ,D − 1)
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T-duality diagram

I We show

T i ◦ T a = T , Ti ◦ Ta = T̃ , Ta ◦ T a = 1

S [xµ]
-
S [yµ]�

S [x i , ya]
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T a : S [x ]→ S [x i , ya]

Sfix [x i , va
±, ya] = κ

∫
d2ξ
[
∂+x

i Π+ij

(
x i ,∆V a

)
∂−x

j

+ ∂+x
i Π+ia

(
x i ,∆V a

)
va
− + va

+Π+ai

(
x i ,∆V a

)
∂−x

i

+ va
+Π+ab

(
x i ,∆V a

)
vb
− +

1

2
(va

+∂−ya − va
−∂+ya)

]
Equations of motion:

∂+v
a
− − ∂−va

+ = 0

Π±ai

(
x i ,∆V a

)
∂∓x

i + Π±ab

(
x i ,∆V a

)
vb
∓ +

1

2
∂∓ya = ±β±a

(
x i ,V a

)
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T-duality laws

I T a : S [x ]→ S [x i , ya]
I ∂∓x

a ∼=
−2κΘ̃ab

∓
(
x i ,∆V a(x i , ya)

)[
Π±bi

(
x i ,∆V a(x i , ya)

)
∂∓x

i +

1
2∂∓yb ∓ β±

b

(
x i ,V a(x i , ya)

)]
I x (0)a ∼= V (0)a(x i , ya)

I Ta : S [x i , ya]→ S [x ]
I ∂∓ya

∼= −2Π±aµ(x)∂∓x
µ ± 2β±

a (x),

I y
(0)
a
∼= U

(0)
a (x)
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Action S [x i , ya]

S [x i , ya] = κ

∫
d2ξ

[
∂+x

i Π+ij

(
x i ,∆V a(x i , ya)

)
∂−x

j

−κ ∂+x
i Π+ia

(
x i ,∆V a(x i , ya)

)
Θ̃ab

−
(
x i ,∆V a(x i , ya)

)
∂−yb

+κ ∂+yaΘ̃ab
−
(
x i ,∆V a(x i , ya)

)
Π+bi

(
x i ,∆V a(x i , ya)

)
∂−x

i

+
κ

2
∂+yaΘ̃ab

−
(
x i ,∆V a(x i , ya)

)
∂−yb

]
Argument:

∆V (0)a(x i , ya) = −κ
[
Θ̃ab

0+Π0−bi + Θ̃ab
0−Π0+bi

]
∆x (0)i

− κ
[
Θ̃ab

0+Π0−bi − Θ̃ab
0−Π0+bi

]
∆x̃ (0)i

− κ

2

[
Θ̃ab

0+ + Θ̃ab
0−

]
∆y

(0)
b − κ

2

[
Θ̃ab

0+ − Θ̃ab
0−

]
∆ỹ

(0)
b



Weakly curved background T-duals

T-dual background fields

I Inverses:
I Θ̃ab

± Π∓bc = Π∓cbΘ̃ba
± = 1

2κδ
a
c

I Π±ij Θ
jk
∓ = Θkj

∓Π±ji = 1
2κδ

k
i

I Effective metric
G̃Eab ≡ Gab − 4Bac (G̃−1)cdBdb

I Noncommutativity parameter
θ̃ab ≡ − 2

κ(G̃−1
E )acBcd (G̃−1)db

I Θ̃ab
± = θ̃ab ∓ 1

κ(G̃−1
E )ab

I Π+ij ≡ Π+ij − 2κΠ+iaΘ̃ab
− Π+bj
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T-dual background

•Gij = G ij = Gij − Gia(G̃−1
E )abGbj

−2κ
(
Biaθ̃

abGbj + Giaθ̃
abBbj

)
− 4Bia(G̃−1

E )abBbj

•Bij = B ij = Bij −
κ

2
Giaθ̃

abGbj − Bia(G̃−1
E )abGbj

−Gia(G̃−1
E )abBbj − 2κBiaθ̃

abBbj

•G ab = (G̃−1
E )ab

•Bab =
κ

2
θ̃ab

•G a
i = κθ̃abGbi + 2(G̃−1

E )abBbi

•Ba
i = κθ̃abBbi +

1

2
(G̃−1

E )abGbi
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T-dual backgrounds

I geometric background
Π+µν

I nongeometric background
•Π+ij = Π+ij = Π+ij − 2κΠ+iaΘ̃ab

− Π+bj
•Π a

+i = −κΠ+ibΘ̃ba
−

•Πa
+i = κΘ̃ab

− Π+bi
•Πab

+ = κ
2 Θ̃ab

−
I nongeometric background

Θµν
−
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Further investigations

I Poisson structures
I definition
I connection

I Non-commutativity relations

I Non-commutativity parameters


