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Bosonic string in a weakly curved background

» Action for the closed string in the conformal gauge
_ a2F
Bap = €7 Nop

S[X] = K‘/ d2£ 8+X'ur|+,u,l/(x)8—xy, aj: == 67— + 80
>

» Background consists of metric tensor G, = G,,, and
Kalb-Ramond field B, = —B,,

1
Mipw(x) = Bu(x) £ §G“V(X)
» Space-time equations of motion
1 g
R — ZBupaBup =0, D,B",=0
» Weakly curved background

1
Guu(x) = const, B, (x) = W+§B,prp, buv, Buwp = const
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Generalized Buscher construction of a T-dual theory

» Old steps (applicable to backgrounds which do not depend on
the coordinates which one T-dualizes):

> Localize the global symmetry dx* = A* = const
> Introduce the gauge fields v¥#

» Substitute the ordinary derivatives with the covariant ones
Oaxt = Doxt = Jpx* 4+ v
» Impose the transformation law for the gauge fields
OVl = =0, ", (M = N(1,0))

» New step (enables T-dualization of every coordinate):
» Substitute the coordinate x* by the invariant coordinate

Axl = / d&® Doxt = xt — x* (&) + AVH,
P

here

AV“E/dﬁo‘vg.
P
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Generalized Buscher construction

» Old step:
» Require the equivalence with the initial theory
> Field strength
Flly = 0avh — OVl
must be zero
» Add the Lagrange multiplier y,, term in the Lagrangian
> Result:

» Gauge invariant action
.1
Siny = "i/d2f[D+Xu”+W(AXinV)D—X +§(V$8—YM_V56+YM)}
» Fix the gauge x*(&) = x*(&)

» Gauge fixed action

1
Siys vl = [ €[V AV S (0 g, v 0.,
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Gauge fixed action

» Two equations of motion can direct the procedure either back
to the initial action or forward to the T-dual action.

» For the equation of motion obtained varying the action over
the Lagrange multipliers, the gauge fixed action reduces to
the initial action.

» For the equation of motion obtained varying the action over
the gauge fields one obtains the T-dual theory.
» Comparing the solutions for the gauge fields in these two

directions, one obtains the T-dual coordinate transformation
laws.
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Complete T-dualization

» T-dual action

I€2

Sbi="5 [ 4 01y (AVO)o_y,

» T-dual background
2 v
o = —f(GE—ln_Gfl)“ :
K

where G£, =[G —4BG'B],,
> Argument V¥ = —k 65"y, + (g7 )" 3

Original theory ~ S[x] — | T-dual theory  S[y]

Noether current  j Topological current i = 756"30}3 Yu

Conservation law = Equation of motion Conservation law = Bianchi identity
Oofii =0 o™iy =0

T-dual of T-dual theory — S[x] <— | T-dual theory  Sly]

Topological current  i** = —ke*PPgxt Noether current *j*

Conservation law = Bianchi identity Conservation law = Equation of motion
O0ni** =0 0 j*" =0
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Partial T-dualizations

v

T-dualization along direction x*: T#

v

T-dualization along dual direction y,,: T,

v

T-dualization along initial directions

T = Og:1 Th, T = OnD:d+1 THn, T= 0,?:1 T

v

T-dualization along dual directions
N - _ D _ D
7; - On:l TMn’ 77 - On:d—|—1 TMn7 T - On—l TMn

pn € (0,1,...,D—1)
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T-duality diagram

» We show

ToT’=T, TioTa=T, TaoT’
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T2 : S[x] — S[x', y.]

Se[x',vi,ya] = & / d2§[a+x"n+,-j(x’, AV)O_x!
+ 9y x'Nyi, (Xi, AV + V_T_I_I+a;(xi, AVa)a_xi
+ viI'IJrab(xi, AV?) vh 4 %(v_f_(?_ya - vi6+ya)}
Equations of motion:

8+Vi — a_Vj_ = 0

) . . 1 .
M (X, AV?)Opx’ + Myap(x, AV V2 + 58* ya = £BE(x', V?)
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T-duality laws

» 72:S[x] = S[x, yJ]
> aq:xa ~
—2,%(:);5’(%', AVa(xi,ya)) [I’Iib,- (xi, AVa(xi,ya))azin +
Lomys T 5 (6, V(<. v2) |
» x(0)a ~ V(O)a(Xi,ya)
» Ta: S[Xiy}/a] — S[X]
> 6:|:}/a = —2|_|:|:au(x)a:|:X“ + 2ﬁ;t(X),
>y = U0 (x)

u]
o)
I
i
it
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Action S[x', y.]

S[x',y.] = /d §[8+x My (x', AVA(x', ya))0-

X', y2))0-x!
—Kk 04X I'I+,a(x AVA(x',y,) )@ab(x AV?(x ))8_yb
+/€0+ya@ab(x AV(x X',y )r|+b, (X’,AVa ,ya))8 x'

a

+§ a—&-)’aéib (Xia AVQ(XI7 Ya))a—}/b
Argument:

AVOa(xd ) = _R[é(z‘;inofbi+é83n0+bi}AX(o)i

’i[égiHO—b; - égﬁnoeri} A0
- o oo Sfat - o)
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T-dual background fields

Inverses:
> OFMNppe = Nyep08? = Lo2
+Hgbe = Hxap©1 = 5.0¢
= jk KT 1 sk
> I‘Ii,-j@; = @;I’Iij,- = =0

2k 71

v

ENfFective metric B
GEab = Gap — 4Bac(G 1) By

Noncommutativity parameter
Avag =~ .
eab: _%(GE )acBCd(G 1)db

éi:b — éab F l(GE—l)ab
> ﬁ—i—ij = |_|+,'J' — 2Kn+iaéibn+bj

v

v

v
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T-dual background

*Gj = Gjj = Gj — Gia( G 1) Gy
2 (Bl Goj + Gl Byy) — 4Bia( G )™ By

/N

*Bj=B;j=B;— —G,aﬁabij — Bia(G£ 1) Gy

~Gia(GE1)P By — 26B;207" By
oGab — "El)ab
egab _ ' gab
2

*G?% = kB Gpi + 2(GE )P By
- 1, -
oBa’_ — HaabBb,’ + i(GE_l)abii



Weakly curved background T-duals

T-dual backgrounds

» geometric background
n-l-/w
» nongeometric background
My =My =Nyj — 26N 02N
M, ? = —rM 0"
ne; = KON
‘I'Iib — %(:)a_b
> nongeometric background
Sl




Weakly curved background T-duals

Further investigations

» Poisson structures
» definition
» connection
» Non-commutativity relations

» Non-commutativity parameters



